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Integration of Shift-and-Invert Parallel Spectral Transformation

(SIPs) eigensolver (as implemented in the SLEPc library) into an

ab initio molecular dynamics package, SIESTA, is described. The

effectiveness of the code is demonstrated on applications to

polyethylene chains, boron nitride sheets, and bulk water clus-

ters. For problems with the same number of orbitals, the perfor-

mance of the SLEPc eigensolver depends on the sparsity of the

matrices involved, favoring reduced dimensional systems such as

polyethylene or boron nitride sheets in comparison to bulk

systems like water clusters. For all problems investigated, perfor-

mance of SIESTA-SIPs exceeds the performance of SIESTA with

default solver (ScaLAPACK) at the larger number of cores and the

larger number of orbitals. A method that improves the load-

balance with each iteration in the self-consistency cycle by

exploiting the emerging knowledge of the eigenvalue spectrum

is demonstrated. VC 2018 Wiley Periodicals, Inc.

DOI: 10.1002/jcc.25350

Introduction

The advent[1] of exascale computing in the early to mid 2020s

is expected to dramatically increase the scale and complexity

of systems that can be studied in the physical sciences.[2] For

atomistic description of large systems, electronic structure cal-

culations will constitute the major fraction of the computa-

tional demand on exascale resources.[2] For most electronic

structure methods, the matrix form of quantum mechanical

equations requires multiple solutions of an eigenvalue prob-

lem. This step can be the scaling bottleneck depending on the

size of the problem and the approximations involved.[3] For

some of the most popular methods, such as Hartree–Fock (HF)

and density-functional theory (DFT), a large portion (20–80%)

of the eigenvalues is required and the eigenvalue problem

must be solved in each iteration of a self-consistent field cycle.

The eigenvalue spectrum can have structure, including gaps

and tight clusters. The number of eigenvalues scales with the

number of electrons in the system leading to 104 to 105 eigen-

values for systems with 1000’s of atoms depending on the

chemical composition and the selected basis set.

Dense solvers for eigenvalue problems suffer from cubic

scaling in computational time with system size and quadratic

scaling in memory while iterative solvers are not efficient in

computing large number of eigensolutions. However, one

redeeming feature of large systems that is not utilized by

these solvers is the decay of interactions with the separation

distance between atoms in the system. This leads to a qualita-

tive locality of interactions. There are a variety of DFT meth-

ods[4–7] that strictly enforce locality by employing rigorously

localized atom-centered basis sets in the expansion of the

electronic wavefunction. These results in a sparse Hamiltonian

matrix to be diagonalized. HF-based methods can also employ

expansions of strictly localized basis functions and in the case

of semi-empirical methods,[8,9] other approximations can be

used to partially compensate for any errors produced by strict

locality.

Sparse matrices and massive parallelism motivate explora-

tion of new kinds of eigensolvers[10–15] that have a small mem-

ory footprint and efficient parallelization. In this regard we

have been developing the Shift-and-Invert Parallel Spectral

Transformation (SIPs) eigensolver, which is very suitable for

[a] M. Keçeli, A. F. Wagner

Chemical Sciences and Engineering Division, Argonne National Laboratory,

Argonne, Illinois 60439

E-mail: keceli@anl.gov
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quantum chemistry applications.[10,12,15] In the context of DFTB

calculations,[16] we have documented[15] the scalability of SIPs

for problems with up to 105 eigenvalues, its competitive

advantages relative to dense eigensolvers[17,18] (less communi-

cations and reduced memory), and its performance depen-

dence on the degree of sparsity of the Hamiltonian. Motivated

in part by our success with this method, SIPs has been incor-

porated into SLEPc.[19] With the burden of adapting to new

parallel computer architectures now assumed by library devel-

opers, SIPs is now available through SLEPc for any electronic

structure method that produces sufficiently sparse Hamiltonian

matrices.

In this paper, using the SLEPc library, we extend our SIPs

performance studies to SIESTA DFT calculations. The SIESTA

method[20] uses localized basis sets but unlike DFTB method it

treats the Hamiltonian within the common DFT approxima-

tions. In this regard, it is similar to other methods (such as

FHI-aims[5]) that employ localized basis sets but differ in the

details of the basis set construction and application. As such

the focus of this paper on SIESTA stands for an example for a

class of DFT methods. The open-source SIESTA code is modular

with parallelization of Hamiltonian construction but generally

used with a dense eigensolver (ScaLAPACK[21]) that becomes

the computational bottleneck for large problems. This paper

describes our SIESTA-SIPs code that not only provides SIPs as

an efficient sparse eigensolver, but systematically and automat-

ically optimizes SIPs performance iteration by iteration in the

self-consistency cycle as knowledge of the eigenvalue spec-

trum improves.

The paper is organized as follows: we describe the main fea-

tures of SIESTA and of SIPs in the Methods section and then

review important features of the SIESTA-SIPs combination in

the Implementation section. We describe our illustrative calcu-

lations and performance analysis in the Test Calculations and

Discussion sections, respectively. In the Conclusions section we

summarize and discuss future prospects.

Methods

SIESTA was one of the earliest general-purpose codes to imple-

ment self-consistent DFT simulations within a linear-scaling

methodology.[22] The basis of the SIESTA method,[23] still used

today, consists of:

� norm-conserving pseudopotentials[24] factorized in the

separable and non-local Kleinman–Bylander form,[25] with

the local part taken as an analytical function optimized

for smoothness;

� a non-orthogonal basis set of numerical atomic orbitals

(NAOs) of finite range obtained by solving the isolated

pseudoatom problem with a soft confinement potential,

and including multiple-f and polarization orbitals;[4,26–28]

� a real-space grid for representing the electronic density.

This scheme allows for the use of a minimal basis set of rea-

sonable accuracy.[4,27,28] Standard calculations employ a

double-f basis with a single polarization shell (DZP), for which

the fraction of occupied eigenstates is around 20%.

The strictly localized basis orbitals make the Hamiltonian

and overlap matrices formally sparse. This means that both

the time taken to calculate them and the memory needed to

store them scales linearly with the system size. Furthermore,

although the density matrix is not sparse, the calculation of

the electron density only requires those elements for which

the overlap matrix is non-zero. The sparsity of the matrices

was exploited by the original linear-scaling solver used by

SIESTA,[23] which implements the Kim–Mauri–Galli[29,30] (KMG)

functional; the method is based on optimizing a set of local-

ized Wannier-like functions (from which the density matrix is

calculated) with respect to the total energy.

Exact diagonalization was later introduced to the code

through the LAPACK/ScaLAPACK libraries.[23] Although no lon-

ger linear-scaling, the great efficiency and parallel scalability

that these provide, as well as the convenience in having access

to the eigenvalues, have resulted in diagonalization becoming

the default for most applications of SIESTA.[22]

Despite its notable success, ScaLAPACK diagonalization does

not exploit any of the distinct characteristics of the SIESTA Hamil-

tonian, and starts losing efficiency for modern massively parallel

architectures (thousands of cores).[3] Therefore, in recent years

there has been a concerted effort to investigate and implement

a variety of new solvers in the code, using ScaLAPACK as a

benchmark against which to measure their performance. So far,

these have included a new implementation of the orbital-

minimization method[13] (OMM, related to KMG), a pole expan-

sion with selected inversion method[31,32] (PEXSI), and a highly

parallelizable two-step eigenvalue solver[3,33] (ELPA).

Exact diagonalization methods solve the generalized eigen-

value problem given by,

Hci5kiSci: (1)

In this equation, H is a real, symmetric Hamiltonian matrix, S is

a real, symmetric, and positive definite overlap matrix of N

non-orthogonal basis functions, ci is the eigenvector contain-

ing the coefficients of the atomic basis functions, and ki is the

corresponding eigenvalue for state i. The localization of the

atomic orbitals makes H and S matrices typically sparse for

large systems. After the eigensolutions are obtained, the den-

sity matrix has to be computed to update H until self-

consistency is achieved. The density matrix, Q; and energy

density matrix, P; are computed by the following formulas:

Q5
Xnreq

i51

wijciihcij; (2)

P5
Xnreq

i51

wikijciihcij; (3)

where the number of required eigenvalues, nreq and weight

factors, wi , are computed by SIESTA depending on the number

of electrons and the electronic temperature, which can be set

by the user.
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An alternative to the explicit diagonalization method imple-

mented in ScaLAPACK is the spectrum slicing technique.[34]

This method allows the computation of all eigenvalues (and

corresponding eigenvectors) contained in a given interval, and

hence has potentially less cost than methods that obtain the

whole spectrum. The main building block is the Shift-and-

Invert Lanczos method, which is combined with a dynamic

shift selection that sweeps the interval in a smart way. Shift-

and-Invert Lanczos operates with matrix H2r1Sð Þ21S to com-

pute a few eigenvalues closest to the shift r1, and a byproduct

of this computation is the inertia at this shift, which corre-

sponds to the number of eigenvalues lying on the left of r1.

When repeated with a different shift r2, the number of eigen-

values contained in the interval r1; r2½ � is then known, and

this information can be used to decide whether this interval

has been processed completely or not. Further shifts will

extend the confidence interval until the user-requested inter-

val has been totally covered. This technique relies on the com-

putation of a symmetric-indefinite triangular factorization of

matrix H2r1S, so it is important to minimize the number of

such factorizations by carefully selecting the shifts. Another

important ingredient is deflation of eigenvectors previously

computed in the neighborhood of the current shift, which pre-

vents the appearance of spurious duplicate eigenvalues, and

also enforces the orthogonality of eigenvectors computed

from different shifts.

We use the spectrum slicing method as implemented in

SLEPc, the Scalable Library for Eigenvalue Problem Computa-

tions.[19] SLEPc is a freely available software package that pro-

vides a number of MPI-parallel eigensolvers, including thick-

restart Lanczos. It relies on several components of PETSc[35]

(Portable, Extensible Toolkit for Scientific Computation), in par-

ticular the data classes to manipulate vectors and matrices, as

well as the linear solvers. For the parallel factorizations

required in the spectrum slicing technique, PETSc integrates

third-party libraries such as MUMPS.[36]

Implementation

The above description of the spectrum slicing technique

assumes that a number of shifts are processed sequentially,

one after the other, and all computations associated with each

shift are done in parallel (Lanczos iterations, matrix factoriza-

tion). For intervals that contain many eigenvalues, we could

consider splitting the interval up front, and running the spec-

trum slicing method independently on each of the subinterv-

als (slices). This represents a two-level hierarchical parallelism

that will enable better scalability to larger numbers of process-

ors. Despite being a very simple idea, its efficient implementa-

tion requires taking care of issues such as how to choose the

subintervals (to be discussed later on) or how to manage the

two levels of parallelism. We now briefly describe the

approach used in SLEPc, which is an improvement on previous

work.[12] The solver object receives matrices H and S, which

have been defined in a given MPI communicator, as well as

the interval of interest. Then the communicator is split inter-

nally into as many partitions as slices that have been

requested for the interval. Each subcommunicator will process

one slice. A schematic of the parallel redistribution of matrices

for a simple case is given in Figure 1. In order for this multi-

communicator approach to work correctly, a redundant copy

of the H and S matrices is created on each subcommunicator,

so that the spectrum slicing algorithm can be invoked. SLEPc

provides user interface functions to manipulate the matrices

(as well as the eigenvectors) in both the parent and child com-

municators, to avoid unnecessary data redistribution in the

context of self-consistent iteration loops. This scheme has the

additional benefit that symbolic factorizations can be reused

(assuming that the sparsity pattern of the matrices does not

change from one call to the next). Symbolic factorization is

the first step of factorization followed by numerical factoriza-

tion, which cannot be reused. More information on these two

steps can be found in the Supporting Information for Ref. [15].

Another important consideration for the selection of slice

boundaries is that eigenvalues should not coincide with any of

the boundaries, since it results in singular matrices when a

shift is performed. Such cases are detected by SLEPc at the

factorization stage, using the relevant option from the MUMPS

package. When a numerically singular matrix is detected, the

shift is perturbed slightly and the factorization is repeated by

SLEPc.

Thanks to modular structure of the SIESTA code, the avail-

ability of Fortran wrappers in PETSc and SLEPc libraries, and

the common parallelization interface, MPI, integration of the

eigensolver was straightforward. We can describe the integra-

tion process in terms of four main tasks.

The first task, which is common in all PETSc/SLEPc applica-

tions, is to replace MPI_Init() and MPI_Finalize() calls in the

application code with corresponding initialize and finalize

statements, i.e. SLEPcInitialize() and SLEPcFinalize() for SLEPc

applications, since the latter routines calls the former automat-

ically and this allows both PETSc, SLEPc and SIESTA to share a

common parallel environment, i.e. MPI_COMM_WORLD.

The second task is to pass matrix elements from SIESTA to

PETSc to create overlap and Hamiltonian matrices in PETSc

Figure 1. Parallel redistribution of matrices in the case of two subcommu-

nicators g0 and g1, where the parent communicator has five processes.

[Color figure can be viewed at wileyonlinelibrary.com]
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format. SIESTA uses block cyclic distribution for matrices in a

format similar to compressed sparse row (CSR) storage. How-

ever, it is converted into dense format since it needs to be

passed into ScaLAPACK. PETSc uses a scheme similar to CSR

and allows insertion of matrix elements from any processors;

hence it is compatible with any type of distribution in

principle.

The third task is to create the Eigenvalue Problem Solver

(EPS) object in SLEPc using the overlap and Hamiltonian matri-

ces and solve the generalized eigenvalue problem. While there

are many different solvers available in SLEPc the most appro-

priate one is the multi-communicator spectrum-slicing

eigensolver since a large portion of eigensolutions are

required. We note that this method requires transformation of

the spectrum, which is handled by the spectral transformation

object (ST) in SLEPc.

The fourth task is to return density and energy density

matrix elements, which is computed by using the eigenvectors

obtained in the third task [see eqs. (2) and (3)].

While implementation of these four tasks is sufficient for the

integration of a new solver in SIESTA, it is crucial to perform

them efficiently.

Improving Efficiency

Task 2 requires less computational resources compared to Task

3 and Task 4, however it may require significant data move-

ment if not implemented carefully. We note that PETSc does

not use cyclic distribution, so we need to choose a block size

for SIESTA such that each process is responsible for a single

block of adjacent rows. To achieve this, we use a maximum

block size, b 5 ceiling (N/p), where N and p are numbers of

rows and MPI processes, respectively, and ceiling (x) function

returns the smallest integer larger than x. When N/p is an inte-

ger, one gets a perfect load balance with the given block size,

but when it is not an integer, there will be a slight imbalance.

Currently, a user can change this value only by changing the

number of processors, since it is determined internally.

Another factor that improves efficiency is to preallocate the

matrix, so that a minimum number of “malloc” (memory allo-

cation) operations are performed during matrix assembly. In

SIESTA-SIPs one can specify the matrix type in run time

through command line options, and we use PETSc MPISBAIJ

format to exploit symmetry in the solution stage since all

matrices involved here are symmetric. However, we note that

SIESTA does not exploit the symmetry of the matrices in other

stages of the calculation. Another note for Task 2 is that over-

lap matrices and sparsity patterns do not change during SCF

iterations, meaning the overlap matrix needs to be created

only at the beginning of the SCF cycles. All matrices are

destroyed when SCF is converged. For a new molecular

dynamics step, matrices should be recreated since the sparsity

pattern might be different at each step.

Task 3 is the most demanding part of the computation. The

boundaries of the slices, which set the search interval for

eigenvalues, influence the efficiency of this task significantly.

While the user might have a good idea about the global range

for the search interval of the eigenvalues, the eigenvalue distri-

bution is not generally known prior to the calculation. Using

uniform width slices can result in poor load balance since

eigenvalue distribution is generally not uniform and includes

gaps. Hence, it is very important to have information on eigen-

value distribution and adjust slice boundaries such that load is

distributed as evenly as possible. There are two different meth-

ods implemented in SIESTA-SIPs to obtain information on the

eigenvalue distribution. The first method is based on inertia

calculations performed at uniform width slice boundaries prior

to the solution stage. We note that inertia calculations give

information only about the number of eigenvalues at the

specified points, thus the information is very crude when the

number of slices is low. However, as the number of slices

increases, inertias give a very good estimate of the eigenvalue

distribution. We also note that inertia calculations are always

performed at slice boundaries to ensure all the eigenvalues

within a slice are computed, however, if slices are adjusted

after inertia calculations, they need to be recomputed at new

slice boundaries. The second method is using the eigenvalues

from the previous iteration as an estimate for the subsequent

iteration. This information is useful only when eigenvalue dis-

tribution ceases to change significantly in SCF iterations. We

found that this generally happens after the first 3–5 iterations

for systems with good SCF convergence behavior. Users can

set a threshold for the absolute maximum difference between

the eigenvalues of subsequent iterations to define when

SIESTA-SIPs switches to this method instead of performing

inertia calculations.

After an estimate of the eigenvalue distribution is obtained

with either method, we need to partition Ne eigenvalues into

Ns slices such that load is distributed as uniformly as possible.

We determined three objectives that can help achieve this

goal.

1. Eigenvalues separated by less than a threshold value, e.g.

1026, should be kept within the same slice. This is not

only a performance requirement but also a requirement

to ensure the orthogonality of the eigenvectors for such

eigenvalues.

2. The number of eigenvalues in each slice should be close

to the average number of eigenvalues per slice.

3. The eigenvalue range (the distance between the mini-

mum and the maximum eigenvalues) within each slice

should be minimized.

While it is a simple task to determine the eigenvalues that

are close to each other as required by the first objective, satis-

fying the second and third objectives simultaneously is often

difficult. One exception is for Ne � Ns: The trivial solution is to

put each eigenvalue cluster as defined in objective 1 into a

separate slice. However, this won’t be an efficient usage of

resources, since convergence of a single eigenvalue and few

tens of eigenvalues have similar costs. Hence, once the aver-

age number of eigenvalues per slice is around 10, it is more

advantageous to increase the number of cores per slice, rather

than increasing the number of slices. However, for the most
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common case with Ne > Ns; finding the optimum arrangement

of slices is a difficult task.

Heuristic cluster analysis algorithms, such as k-means clus-

tering, can be instrumental in finding the optimum slicing of

the eigenvalues. The objective of k-means clustering is to par-

tition a set of data points into a given number of clusters by

minimizing the within-cluster sum of square distances, which

is similar to objective 3. We note that k-means clustering guar-

antees only a local minimum and the result depends on the

initial partition of the eigenvalues. In our k-means implementa-

tion, we start from uniformly populated partitions of

eigenvalues.

We tried different algorithms for slicing and have improved

the load balance by more than a factor of two compared to

using uniform width slices as discussed in the following sec-

tion. However, we note that there is no guarantee that we can

achieve the best load balance for different eigenvalue distribu-

tions and different number of slices. A delicate computational

cost model that takes into account different stages of the solu-

tion (factorization, Lanczos scheme, orthogonalization) is

required to improve the efficiency further.[14] Approximate

techniques to estimate the eigenvalue distribution[37] will be

also very useful to eliminate the cost of additional inertia

calculations.

Test Calculations

We have performed test calculations to assess the accuracy

and performance of SIESTA-SIPs implementation. We ran calcu-

lations both with the default solver (ScaLAPACK) and the SLEPc

solver SIPs for all the test cases. We do not observe any

numerical difference in the results as expected since there are

no approximations involved except the fact that SLEPc solver

uses an iterative scheme (Lanczos) to find eigensolutions while

ScaLAPACK is a direct solver.

We performed test calculations on BG/Q supercomputers

(Vesta and Mira) at Argonne National Laboratory. We choose

different sizes of polyethylene, boron nitride monolayer, and

water clusters as our test cases representing 1D, 2D, and 3D

systems. We label the polyethylene, boron nitride, and water

cases by Pn, Bn, and Wn, respectively, where n is the number

of formula units. Table 1 provides the information needed to

relate “n” to the number of atoms, number of rows of the

Hamiltonian and overlap matrices, and sparsity of these matri-

ces. Here, a measure for the sparsities of the matrices are

given by the nonzero density percentages, which are obtained

by dividing the number of nonzeros by the total number of

elements in the lower half of a matrix. We note that our test

calculations have fairly dense matrices after factorization, espe-

cially for two- and three-dimensional systems.

In Figure 2, we compare strong scaling of SIPs and ScaLA-

PACK solvers for polyethylene and water cluster examples. We

obtained converged energy and gradient after 13 SCF itera-

tions, and we plot the average time for a single SCF iteration.

Error bars show the spread of SCF iteration timings with

SIESTA-SIPs, since the iteration time can differ significantly with

Table 1. Information for the given examples.

Label Number of atoms Number of rows Nonzero density %[a] Nonzero density %[b]

P64 384 2944 7.1 15.6

P256 1536 11,776 1.8 4.0

B64 128 1664 37.0 94.6

B256 512 6656 9.3 47.1

W128 384 2944 9.4 66.0

W512 1536 11,776 2.3 33.2

[a] Nonzero density percentages of the Hamiltonian and overlap matrices. [b] Nonzero density percentages of the matrices after the factorization.

Figure 2. Strong scaling plot for the average time (seconds) of an SCF iter-

ation obtained with SIESTA-SIPs and ScaLAPACK solvers, where DFT energy

and gradient is calculated. Error bar shows the spread of SCF iterations

with SIESTA-SIPs. Figure a) shows calculations with 384 atoms and 2944

orbitals (W128 and P64), while Figure b) shows calculations with 1536

atoms and 11,775 orbitals (W512 and P256). [Color figure can be viewed at

wileyonlinelibrary.com]
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each iteration depending on the slicing of the eigenvalue dis-

tribution. The iteration time for ScaLAPACK is dictated by

mainly the size of the matrix and is independent from the iter-

ation or the system characteristics, hence there is a single data

point in these plots for both test cases (because they are iso-

electronic) and also there is no need for error bars. However

for SIESTA-SIPs, iteration time reduces by a factor of 4 for the

1D problem compared to the 3D problem. For both problems,

the spread of iteration times can reach a factor of 2. Figure 2

shows that with sufficient parallelization, SIPs is faster than

dense solvers by a degree that increases with the size of the

system.

In Figure 3, we show how the mean and max iteration time

per slice changes for a 3-step conjugate gradient minimization

calculations with a total of 22 SCF iterations for the B64 exam-

ple with 64 slices. The figure displays two different slicing

strategies. The first is uniform slicing, where the slices have

uniform width and the boundaries are kept the same through-

out the calculations. In the second approach (dynamic), we

adjust the slice boundaries at every iteration based on either

inertia calculations or the eigenvalue distribution of the previ-

ous iteration. We perform inertia calculations in first step for

the first two SCF iterations and for all subsequent iterations

whose absolute maximum difference between eigenvalues of

the two previous iterations exceeds a threshold of 0.001. Once

this difference drops below the threshold, k-means clustering

is used for all iterations to convergence. In subsequent steps,

we do inertia calculations for the first iteration and apply the

threshold test for differences between that iteration and the

last iteration of the previous step. Figure 4 expresses load bal-

ance as the ratio of the max and mean times in Figure 3. As

shown in Figure 4, after the first few iterations, uniform slicing

results in a steady imbalance ratio of �3.5. Dynamic slicing

always results in a lower imbalance ratio that is highest as the

start of a step but for the last iterations hovers around �1.5.

From the figure, the difference in the load imbalance ratio

from the ideal, i.e., 1, is reduced by a factor of 7 for the last

iterations of a step and by a factor of 2–3 overall.

In Figure 5, we show the eigenvalue distribution, slice

boundaries, and the points for inertia calculations for each SCF

iteration for the same boron nitride case in Figures 3 and 4.

Sixteen slices are used in the figure for clarity. Since the eigen-

values in each slice of the eigenvalue spectrum are calculated

independently and in parallel, we show how improved knowl-

edge of the eigenvalue spectrum with each iteration can trans-

late into altered slice boundaries that even out the

computational cost in each slice for better load balance. This

also applies to adjacent geometries in a trajectory calculation

or a geometry optimization. As shown in Figure 4 for steps

two and three, the threshold test of eigenvalue differences

between the first iteration in the step and the last iteration in

Figure 3. Plot of maximum (shown with triangle symbols) and mean

(shown with circle symbols) time of the eigensolutions stage with SIESTA-

SIPs for all slices at each SCF iteration numerated on the horizontal axis.

Three molecular dynamics steps (consisting of 10, 6, and 6 SCF iterations)

leading to a relaxed geometry for B64 example using 256 cores and 64 sli-

ces are shown. Unfilled red symbols refer to times obtained with uniform

width slices, and filled blue markers refer to times obtained with dynami-

cally adjusted slices. [Color figure can be viewed at wileyonlinelibrary.com]

Figure 4. Plot of imbalance ratio (tmax/tmean) of the workload on each slice

for the computation of eigensolutions for the same case as Figure 3.

Results of uniform width and dynamically adjusted slices are shown with

unfilled and filled markers, respectively. [Color figure can be viewed at

wileyonlinelibrary.com]

Figure 5. Plot of 1024 eigenvalues (black points) for structural relaxation

example in Figure 3 only with 16 slices (blue lines). Black dotted lines indi-

cate the minimum and maximum eigenvalues among all iterations. Red

lines denote the points, where an inertia calculation is performed to

arrange the slice edges. [Color figure can be viewed at wileyonlinelibrary.

com]
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the previous step turns on the more efficient k-means cluster-

ing for all subsequent iterations in the step.

We have also investigated the performance of SIPs as imple-

mented in SLEPc directly and compared it with a more

recently developed dense eigensolver ELPA[33] using the ELSI

interface.[38] ELSI interface is required to convert the general-

ized eigenvalue problem to the standard eigenvalue problem.

We note that we used ELPA version 2016.11 and there might

be improvements in performance of ELPA with more recent

versions and by accessing it directly without ELSI interface. We

utilized the matrices obtained from our previous study[15] on

DFTB calculations for metallic carbon nanotubes. These matri-

ces have 16,000 and 64,000 rows and have nonzero density of

6.45% and 1.65% after factorization, respectively. We run these

calculations on Theta, which is an Intel Xeon Phi based super-

computer located at Argonne Leadership Computing Facility.

Figure 6 shows the strong scaling plots for computing 50% of

the eigenpairs using ELPA and SLEPc-SIPs. In these plots we

also compare three different slicing modes for SIPs. “SIPs ini-

tial” corresponds to the uniform slicing where we have no

information about the eigenvalue spectrum. In this case, slices

have uniform width based on the given search interval. “SIPs

uni-pop” and “SIPs k-means” correspond to two different

dynamic slicing strategies where the eigenvalue spectrum is

known and slices are arranged to reduce the load imbalance.

The former one refers to the strategy, which tries to balance

the number of eigenvalues in each slice, while the latter one

refers to the strategy, which uses the k-means clustering algo-

rithm to find the clusters of eigenvalues and then adjust slices

to avoid division of a cluster into different slices. For the

smaller matrix with 16,000 rows, we see that the dense

eigensolver is faster than SIPs when the number of cores uti-

lized is less than 100. As we increase the number of cores, we

see that SIPs exceeds the performance of the dense

eigensolver even when there is no information about the

eigenvalue spectrum. Time to solution with SIPs reduces down

to 2.7 sec while the strong scaling limit of the dense

eigensolver is 20.1 sec. For the larger matrix with 64,000 rows,

performance of SLEPc-SIPs is better than the dense eigensolver

even with 256 cores. Utilizing 32,768 cores and taking advan-

tage of the sparsity of the matrices, time to solution is

reduced by more than a factor of ten when SIPs is used in

comparison to the dense eigensolver. We also see that k-

means clustering algorithm works more effectively in compari-

son to equally populated slices, since the eigenvalues become

more clustered as the problem size increases.

Another important parameter that affects the performance

is the number of cores per slice. While the optimum choice

depends on the problem type and hardware specifics, we

found the following strategy to be very effective in these cal-

culations. We use one core per slice as long as the memory

per core is sufficient to store the matrix and the number of

eigenvalues per slice is above �10. Once we reach this limit,

we increase the number of cores per slice proportional to the

increase in the total number of cores. We also note that strong

scaling efficiency may drop considerably if the number of

cores per slice exceeds the number of cores per node on

machines with slow interconnects. At that point increasing the

number of slices further might be a better choice compared

to increasing the number of cores per slice.

Discussion

The effectiveness of the SIESTA-SIPs code was demonstrated in

test calculations on polyethylene chains, boron nitride sheets,

and bulk water clusters. While the examples presented for

SIESTA-SIPs do not include metallic systems, the eigensolver

performance is not dependent on the presence of a band gap

in the energy spectrum as shown on our calculations on

metallic carbon nanotubes.[15]

For problems with the same number of orbitals, the perfor-

mance of SIPs depends on the sparsity of the matrices

involved, favoring reduced dimensional systems such as poly-

ethylene or boron nitride sheets in comparison to bulk sys-

tems like water clusters. For problems of different size, the

cross over point between any dense solver and SIPs decreases

with the system size since SIPs has better scaling. This implies

that SIESTA-SIPs will demonstrate improved performance over

dense eigensolvers for problems significantly larger than what

has been done here. We also note that while the results

Figure 6. Strong scaling plot for the computation of 50% of eigenpairs

using SIPs eigensolver in three different modes and a dense eigensolver

based on ELSI-ELPA. Figures a) and b) show the results for 16,000 and

64,000 row matrices obtained from DFTB calculations in our previous

study,[15] respectively. [Color figure can be viewed at wileyonlinelibrary.

com]
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reported here are limited to modest number of cores and sys-

tem sizes, the performance of current implementation of

SIESTA-SIPs is not generally limited by the diagonalization pro-

cedures. We observed that other parts of the calculation, i.e.

fast Fourier transform during the initial assembly of the Hamil-

tonian can become the bottleneck of scalability as the number

of cores and/or number of orbitals increase.

Conclusions

We report three significant developments for the SIPs method.

1. Different algorithms for slicing are developed, imple-

mented and tested. These algorithms improve the load

balance significantly for the final iterations of the SCF

method.

2. A new implementation of the SIPs method is incorpo-

rated into the SLEPc package by two of the authors (JER

and CC). The SLEPc implementation offers various

advantages:

� Well-documented, consistent and intuitive API with

a BSD licensed open-source code base.

� Active user support and maintenance with regular

release cycles.

� Access to other eigensolvers through command line

options.

3. SLEPc-SIPs is integrated into SIESTA allowing users to uti-

lize the SIPs solver in a scientific application directly.

Performance of SIPs depends on the sparsity of the matrices

involved, hence, it is more efficient for reduced dimensional

systems that yield sparser matrices. Periodic boundary condi-

tion calculations on polyethylene (1D), boron nitride sheets

(2D), and bulk water clusters (3D) bear this out with approxi-

mately a factor of four variation in time to solution between

polyethylene (fastest) and water clusters (slowest) problems

with the same number of orbitals. We demonstrate the ability

of SIPs to improve its load balancing with successive iterations

in the SCF scheme that results in better load-balance and

superior performance.

Quite recently SIPs has been incorporated into ELSI,[38]

which also includes advanced dense eigensolvers such as

ELPA[33] and a variety of novel solvers (such as OMM[39] and

PEXSI[13,31]) that avoid the diagonalization step altogether. ELSI

simplifies the integration of solvers into electronic structure

codes by providing a common interface. ELSI will allow us to

better define the cross over points in performance between

different methods as a function of both problem size and

dimensionality and available computer resources.

We finally note that SIESTA-SIPs code is available online and

all the dependencies of the code can be obtained freely.[40]
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