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Abstract

A pedagogical proof is presented for the extensivity of energies of metallic
and nonmetallic crystals that proceeds by elucidating the asymptotic dis-
tance dependence of the effective chemical interactions: kinetic, Coulomb,
exchange, and correlation. On this basis, a guideline for the size-consistent
design of electronic and vibrational methods is proposed. This guideline
underscores the significance of the distinct use of the intermediate and stan-
dard normalization of wave functions for extensive and intensive quantities,
includes the extensive and intensive diagram theorems as the unambiguous
criteria for determining size consistency of a method for extensive and inten-
sive quantities, and introduces the extensive-intensive consistency theorem,
which stipulates the precise balance between the determinant spaces reached
by extensive and intensive operators. Electronic and vibrational methods for
crystals are reviewed that are inspired by these formal analyses or developed
in accordance with the guideline.

131



Annu. Rev. Phys. Chem. 2012.63:131-153. Downloaded from www.annualreviews.org
Access provided by Argonne National Laboratory on 01/16/24. For personal use only.

HF: Hartree-Fock

SCF: self-consistent
field

MP: Moller—Plesset
perturbation

CI: configuration
interaction

CC: coupled cluster

DFT: density-
functional theory

VMP: vibrational
Moller-Plesset
perturbation

VCC: vibrational
coupled cluster

Size consistency:
a desirable property

that a method is said to

possess when it
predicts
thermodynamic
observables having the
correct volume
dependence

132

1. INTRODUCTION

The objective of electronic structure theory is to solve the time-independent Schrédinger equation
of a chemical system in its electronic degrees of freedom, which can be separated from the rest by
the Born—Oppenheimer approximation. This may be followed by solving the time-independent
Schrédinger equation in the nuclear degrees of freedom, taking into account the effects of an-
harmonicity in a bound potential energy surface (PES). This is done by vibrational structure
theory. Some representative approximations of electronic and vibrational structure theories in-
clude Hartree—Fock (HF) or self-consistent field (SCF) theory, Maller—Plesset perturbation (MP)
theory, configuration-interaction (CI) theory, and coupled-cluster (CC) theory.

There is an inevitable trade-off between the accuracy of these approximations and their applica-
bility to larger chemical systems. Generally, less accurate methods such as density-functional the-
ory (DFT) for electrons and the harmonic approximation for vibrations are more widely applicable
to large systems, which today include solids and even liquids. In contrast, systematically accurate
and thus predictive approximations such as electronic and vibrational MP, CI, and CC methods
have been limited to rather small molecules in the gas phase. The primary task of computational
quantum chemists and computational solid-state physicists is to push this accuracy—applicability
trade-off curve in the direction of greater accuracy and wider applicability. This requires inno-
vation in theories and algorithms tailored to the chemistry and physics of the systems under
consideration as well as more general computer science optimizations such as parallelism.

Today, the accuracy—applicability trade-off is reaching a point in which we face the exciting
prospect of having polymers, solids, and perhaps even liquids in the applicable domain of electronic
many-body methods that go beyond DFT and of vibrational many-body methods that go beyond
the harmonic approximation and are based on accurate PES. These many-body methods differ
from more empirical or semiempirical approximations, which have thus far been predominantly
used for condensed matter. The distinguishing feature of the former methods is that their accu-
racy is subject to systematic improvements. For small molecules in the gas phase, this control of
accuracy has been routinely demonstrated to the extent that the calculated results can be brought
to essentially exact agreement with the observed (1).

Having witnessed the impact of these methods on molecular sciences, chemists should have
little doubt that the corresponding methods for polymers and solids can transform the quantitative
aspects of materials science. To be more specific, DFT, long a workhorse of solid state physics, is
fundamentally limited in its ability to reproduce energy bands and band gaps, the very properties
materials scientists care about the most. There is ample evidence that MP and CC methods
can resolve this issue for insulators and semiconductors (2). In molecular crystals, the strength
of chemical interactions that are important in determining their structures span three orders
of magnitude. Perhaps only CC methods are known to be capable of reproducing all of these
interactions simultaneously with sufficient accuracy (3, 4).

Anharmonicity in the PES of a solid is responsible for such important phenomena as thermal
expansion, thermal conductivity, and specific heat at high temperatures. Besides supplying the
quantitatively accurate anharmonic PES, the MP and CC methods suggest that their underlying
mathematical descriptions of wave functions can be applied directly to those of anharmonic lattice
vibrations, leading to vibrational Meller—Plesset perturbation (VMP) and vibrational coupled-
cluster (VCC) methods (5, 6).

To fully realize these electronic and vibrational many-body methods for solids, one must pay
close attention to the issue of size consistency (7-10) in addition to the obviously crucial question
of how to contain the enormous computational costs of these methods when applied to very large
systems. Size consistency is the single most important guideline for the design of electronic and
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vibrational methods. It is the property a method is said to possess when it yields observable quan-
tities that scale correctly with the size (volume) of the system. For instance, thermodynamically

extensive quantities such as energy and entropy are asymptotically proportional to the volume . .
q gy py ymp ¥y prop Extensive quantity:

. . . ) a thermodynamic
and temperature are asymptotically constant (11). Size-consistent methods are the ones thatyield  ohservable of a

of the system, whereas intensive quantities such as energy density, excitation energies, pressure,

energies that are extensive, excitation energies that are intensive, and so on. Only these methods ~ chemical system that is
can maintain uniform accuracy across system size all the way to infinity and be safely applied to aSYmPtO_Uca}lY dl}rleCﬂY
solids. Conversely, methods that are not size consistent yield calculated values of observables that ~ Proportionatto the

have an increasing proportion of errors and reduce to a sheer nonsense in the thermodynamic volume of the system
Intensive quantity:

a thermodynamic
observable of a

form of algebraic or diagrammatic theorems—some existing and others new—that should be  chemical system that is
generally applicable to methods that are meant to predict thermodynamic observables (10). asymptotically

However, before doing so, we must address the more fundamental question as to why the energy independent of the
volume of the system

(infinite-volume) limit.
In Section 3 of this review, we summarize the guideline for the size-consistent design in the

of a chemical system is extensive and, therefore, the theory of thermodynamics can be applied to
chemistry (12). To many readers, this question may seem easy to answer or too elementary to
be relevant for practical computational methodologies. This is far from true! It took 40 years
for the finest mathematicians (including a Fields medalist) to complete the proof of extensivity
of energy or, equivalently, the existence of a constant thermodynamic (infinite-volume) limit of
energy density (13-17). This is, therefore, an extremely tough question to answer.

We must recognize that to prove this for an arbitrary assembly of interacting particles is im-
possible for the simple reason that energy is not always extensive. Energy is extensive basically
only for electrically neutral chemical systems, in which attractive and repulsive interactions can-
cel each other nearly exactly, leaving behind effective interactions that decay sufficiently rapidly
to suppress divergence in the interaction (lattice) sums of energy density. The proof therefore
requires an understanding of the asymptotic decay behavior of these effective interactions—an
understanding that is not only relevant but also critical for constructing intelligent algorithms
and approximations of electronic and vibrational structure methods for large systems. The cost of
accurate calculations is, in fact, ultimately determined by the slowest decaying component, whose
nature and asymptote seem to vary depending on whether the system is metallic.

This review therefore begins with an analysis in Section 2 of the asymptotic decay behavior of
effective interactions, namely, the kinetic, Coulomb, and exchange interactions in the HF theory
as well as the correlation interactions obtainable from the MP or CC method, in an electrically
neutral, perfect crystal. We provide a proof that the sum of these interactions, which equals the
exact total energy of the crystal, is extensive. It is based on some strong assumptions about the
shape of the Fermi surface and the canonical HF spin-orbitals and, in this sense, is more restrictive
than the aforementioned mathematical proofs. Itis, however, more accessible and directly relevant
for chemists and physicists who develop efficient and size-consistent approximations of electronic
and vibrational structure methods.

In Section 4, we survey examples of the methods we have recently developed, which are either
inspired by or consistent with the formal analysis of extensivity and the general design guidelines
for size-consistent methods.

2. EXISTENCE OF THERMODYNAMIC LIMIT

Why is energy extensive (12, 17-23)? Let us examine this question by taking as an example
the three-dimensional (3D) equidistant lattice of particles attracting or repelling one another
through pairwise interactions. The total energy (E) of this lattice is the sum of all distinct pairwise
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Lattice sum:

an infinite sum of
particle-particle
interactions in a
periodic crystal

Thermodynamic
limit: the limit in

which the volume of a
chemical system tends
to infinity while the
number density and
chemical composition

are held fixed

interactions. Because the number of such interactions increases quadratically, not linearly, with
the number of particles, we may naively expect the total energy to grow more (but not exactly)
quadratically than linearly with the volume (V). In fact, it may be somewhat surprising that the
energy is observed to be extensive, given the quadratic increase of the distinct particle-particle
interactions.

Another way to ask the same question is to ask why energy density (E/})) is intensive. The
energy density of the lattice of particles is the sum of all distinct pairwise interactions between
an arbitrary chosen “central” particle and all the other particles in the lattice. If the interaction
decays as 1/7”, where 7 is the particle-particle distance, the question becomes a mathematical one:

does the 3D lattice sum of the form
v

1
Z [#ml” M

m

converge at a finite and thus V-independent thermodynamic limit? Here, m is a composite of
three integers (#z,, m,, and m.) specifying a unit cell in the lattice and 7y, is the m-th unit-cell
vector (each unit cell contains a particle and has a unit volume). It converges if the integral,

/ dx/ dy/ dzln, 2)
X0 )0 20 r

does, where xq, yo, and 2 are positive real numbers that mark the onset of the asymptotic regime.
We can answer this easily by switching from Cartesian coordinates to spherical coordinates. In
the latter, what we must test is the convergence of the integral,

o 1
/ 4m'zdrﬁ, 3)
70

where 7y is the onset of the asymptotic regime and 4772 is the volume element. We can carry out
this integration analytically using high school calculus, arriving at the following conclusion: The
integral converges at a finite thermodynamic limit, and therefore the energy density is intensive,
ifand onlyifz > 3 (17, 21). Otherwise, the thermodynamic limit of energy density does not exist;
the total energy is not extensive and grows faster than linearly.

Interaction Asymptote Theorem I (17, 21): The energy density of a lattice of particles is finite when
the particle-particle interaction decays as 1/7” asymptotically with n > 3.

Two of our most familiar interactions in nature, namely, Coulomb and gravitational interac-
tions, exhibit the slow 1/7 decay. In a 3D lattice of masses or that of electrons, energy density
would diverge and energy would be nonextensive. Insofar as the whole theory of thermodynamics
is based on the premise that energy is extensive, thermodynamics would not work for these sys-
tems (24). As mentioned above, energy is extensive essentially only for electrically neutral systems
in which attractive interactions between oppositely charged particles and repulsive interactions
between like-charged particles cancel to a great extent, with the remaining effective interactions
decaying rapidly.

However, even in such systems, the energy can and will cease to be extensive once their volumes
become so large that the gravitational interactions cannot be neglected. Thermodynamics, there-
fore, does not apply to very large systems. It does not apply to very small systems, either, because
the cancellation between attractive and repulsive Coulomb interactions may not be complete.
Such small systems include electrons in an isolated atom or molecule, which should be distin-
guished from an ensemble of atoms or molecules or electrons in a solid, for which thermodynamics
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certainly works. It seems that thermodynamics has a certain limited domain of applicability in terms
of system size and composition.

Nevertheless, if we confine ourselves to electrically neutral systems that are neither too small
nor too large, we can indeed prove the extensivity of energy or the existence of thermodynamic
limit of energy density. The problem was posed in mathematical terms by Fisher & Ruelle (17)
in 1966 and by Dyson & Lenard (18) in 1967. The proof for mobile electrons and nuclei (overall
electrically neutral) was obtained by Lebowitz & Lieb (13) in 1969. The proof for perfect crystals,
namely, mobile electrons and a lattice of fixed nuclei, turned out to be harder but was proposed
by Fefferman (14) in 1985. Only in 2009 was the proof made whole by Hainzl et al. (15, 16),
who showed the existence of thermodynamic limit for perfect crystals and crystals with defects.
We have also obtained a proof for perfect crystals (S. Hirata & Y.Y. Ohnishi, manuscript in
preparation), which might be less rigorous in the sense that we have made a number of assumptions
and simplifications but which is, in our view, more directly useful for our purpose of developing
practical computational methodologies for solids because we have clarified the asymptotic decay
of each of the effective interactions. Our proof is so simple that it can be reproduced in an abridged
form in the following.

The task at hand is to show that the energy density (E/}) of a 3D crystal with electrically
neutral unit cells remains finite and thus independent of V. We shall do this for individual energy
components of the exact energy, namely, the kinetic, Coulomb, and exchange energies in the HF
theory as well as the second- and all higher-order MP corrections (8) thereto:

E=Eur+ Y Eyp. )
m=2
EHF = Ekinctic + ECoulomb + Ecxchauge~ (5)

We use the atomic units throughout.
The kinetic energy of the crystal, Ejineric, is the sum of the kinetic-energy integrals in the atomic
spin-orbitals over all /" unit cells. Hence,

VoV
1
B = =5 3 00 Y D13 [ a3k, (909 om0, ©

M,y omyp mp

where each atomic spin-orbital, x,m,, is chosen to be spatially strongly localized in unit cell my,
x represents the spin-orbital coordinates of an electron, and Djm? is the density matrix element
to be defined and examined in detail later. Owing to the translational invariance of the basis, the

kinetic energy per volume or the kinetic energy per unit cell is simply

E inetic 1 4 vm *
k;/ = _E Z Z D/LO /dxx/to(x)vzxvm(x)’ (7)

Mw,v m

where a unit cell has a unit volume. This lattice sum is convergent at a finite, /’-independent value
because the kinetic-energy integral decays as rapidly with m as the does overlap between two
spatially local atomic spin-orbitals. Therefore, the kinetic energy per volume is intensive and the
kinetic energy is extensive.

We define the Coulomb energy as the sum of electron-electron repulsion, nucleus-nucleus
repulsion, and electron-nucleus attraction energies. This is because, individually, these three
components are always nonextensive for the crystal; only their sum may be extensive. Hence,
we introduce the charge density of unit cell 0 that is the sum of the electron density and nuclear
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charge density of the cell, namely,

po(r) = p§(r) + pi(), ®)
with
p§(r) = Z Z 0 (%) Xum (%), ©)
N
por) =Y Zi8(r — 71 + 7o), (10)
I=1

where N is the number of nuclei in a unit cell; Z; and #; are, respectively, the charge and spatial
coordinates of the I-th nucleus; and § is the Dirac delta function. We assume that the electrical
neutrality of unit cells,

/drpo(r) =0. (11)

This assumption is essential; without it, it is impossible to prove the extensivity of energy, because
the energy of a crystal of a charged unit cell is nonextensive in the first place.
The Coulomb energy is written with this charge density as

E(,oulomb 2 ZZ//drd M (12)

i |71 — 7]

or

EC()ulomb _ Z//d d pO(rl)pm(TZ), (13)

|71 — 12|

where it should be understood that the self-interactions of point charges are excluded. Because the
charge density is net neutral, this last equation represents the sum of dipole-dipole interactions in
the leading order of a multipole expansion (25). A dipole-dipole interaction has the asymptotic dis-
tance dependence of 1/73. According to Asymptote Theorem I, this appears to cause a logarithmic
divergence of the Coulomb energy density, but this is not the case. The theorem disregards any
orientation dependence of the interactions. The orientation dependence of dipole-dipole inter-
actions in a crystal is such that the angular integration of the interactions makes this contribution
vanish identically (10). That is, the long-range part of this lattice sum is proportional to

0 b4 2 1-3 2 2]
/,LZ/ 7’2d7’/ sin 0do d¢$ =0, (14)
" 0 0 r

where p is the dipole moment of the unit cell. Therefore, the true leading-order contribution
to the Coulomb energy density comes from quadrupole-quadrupole interactions with the 1/7°
asymptotic decay (25), whose lattice sum, according to Asymptote Theorem I, approaches a finite,
intensive value. Hence, the Coulomb energy density is intensive and the Coulomb energy is
extensive.

Interaction Asymptote Theorem II: The energy density of a lattice of particles is finite when the
particle-particle interaction decays as (1 — 3 cos® 8)/r3 asymptotically, where 7 and 6 are the distance
and inclination, respectively, in spherical coordinates.
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The exchange energy is given by
VoV v v

oy (1) Xom, (1) Xima (% x
Eexcha“ L= 1 Z Z Z ZZ DAm“ prm: dxldxz Xl’-ml( I)X 2( I)X 3( Z)X)»m4( 2)
‘ s e w1 —

;/.VKA m; m; m3 my
(15)

or

Eexc ange m X* (xI)va (M)X:m (xZ)XAm (xZ)
e LS S g om [ [ eyt K O i ()

/IUK)\. m; mp m3 |x1_x2|
(16)

Remembering that the atomic spin-orbitals are spatially local, with their overlaps decaying

rapidly, we see that the longest-range contributions to the lattice sum of Equation 16 include

1 o 0@ DI [ Xem (22) 1

ok m

The decay of this contribution with m is determined to a great extent by the asymptotic distance
dependence of the density matrix element, D;'. Tounderstand the convergence of exchange lattice
sums, therefore, we must first clarify the distance dependence of the density matrix elements in
nonmetallic (26-28) and metallic crystals (29).

A canonical HF spin-orbital, ¢;z, is a completely delocalized function over the whole volume
of the crystal with the well-defined momentum or wave vector, k. It can be expanded by atomic
spin-orbitals as

Ppr(x) = Zexp(zk 7m)C e Xy (). (18)

N3

The density matrix in the same basis is given by

Dy = i78 ZZ”kakapk explik - (rmy — 7m,)} (19)

1 . .
= w Z/dknpkcgkczk explik - (Fmy — 7my)} 0)
b4

where 7, is the electron occupancy (either 0 or 1) of the state pk and the domain of integration
is the unit cell in the reciprocal space.

In a nonmetallic crystal, every band is either completely filled by electrons (z,, = 1) or
completely vacant (z,, = 0). For an occupied band, therefore, Equation 20 becomes a Fourier
transform. Assuming that C7), does not vary with k&, we find

D = Z 1pkCl Cod(Fany — Tomy). e3))

where § is again the Dirac delta function. The density matrix elements in a nonmetallic crystal
therefore decay extremely rapidly with |74, — #m, |.

In a metallic crystal, at least one band (say, the ¢-th band) is only partially occupied by electrons.
For this band, Equation 20 is no longer a Fourier transform but is a “striped” Fourier transform.
We can nevertheless carry out the integration of this equation analytically, assuming again that
C ;‘ & 1s invariant with % and furthermore that the Fermi surface is spherical. It is found (29, 30)
that, under these assumptions, the density matrix is given by

k3' / (k |7m 7m |) *
f w Ay J1 f 2 1 M 7 — 7,
D,‘imzl = 72 3 qk‘:qkﬁ PE - npkcka;ka( my ml)’ (22)
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where jj is the first-order spherical Bessel function,
sin(x)  cos(x
i) = () x(). 23)

This indicates that the density matrix elements in a metallic crystal decay in an oscillatory manner

with the envelope being asymptotically proportional to |#m, — 7m, |72

Coming back to Equation 17, we observe that the lattice sum for the exchange energy density
has two appearances of the density matrix element involving atomic spin-orbitals in unit cells 0
and m. These elements decay as 1/7% in metals and much more rapidly in nonmetals (29). Taking
into account the Coulomb decay, 1/|x; — x|, we surmise that the summand of Equation 17
must decay as 1/7° asymptotically or more rapidly with » = |7, — 79|. According to Asymptote
Theorem I, we can therefore conclude that the exchange energy density is intensive and that the
exchange energy is extensive in both metals and nonmetals.

So far, we have shown that the kinetic, Coulomb, and exchange energies are individually
extensive, meaning that the HF energy as their sum (Equation 5) is also extensive. Furthermore,
using the foregoing analysis, we can show that the Fock (f) integrals in the canonical HF spin-
orbital basis are intensive (asymptotically proportional to 17) and that the two-electron integrals
(v) in the same basis are inversely extensive (asymptotically inversely proportional to /) insofar

as they are defined by
k Fprky
ql’k([ﬂ =—= /dxtppkp(x)v Pgr, (%) + ZZ”W ;k:m.» 24
Pkﬁ ’lkq Pkp 7
f:ii’kq /fd 7k, ()& (x2) //d dxs Cor, (¥ 1)(,1@ (x 2)’ @5)
m |x|—x2| ) — x]

where we introduce the HF spin-orbital product, ¢, k,,P ,and also its electrically neutral counterpart,

pky .
&k, > given by

qkq( %) = @y, (%)@, (%), (26)
Fkﬁ Pkp 8pq kp g 4 n
€, (¥) = (%) — Pm(7), @7

where 7 is the number of electrons in a unit cell. These definitions (10, 31, 32) differ from the
standard definitions in many textbooks or implementations because in Equation 27, we subtract
the nuclear charge density from electron density, which is necessary to ensure the consistent }"°
and 7! dependence of fand v across all elements. Note also that these integrals in the canonical
HF spin-orbital basis vanish unless momentum conservation conditions are satisfied by the wave
vectors involved.

The HF energy can be written with these integrals as

11"7
Bur = ZZ”pkpfpk,, -3 D)D) B

gk kq (28)

ak
(2 Qn)y Z/dkﬁ Pkpfpkp - 2(27-[)6 Z//dk dkf/”ﬂkpnqkq pkﬁqkq

which contain the nucleus-nucleus repulsion energy. We can easily verify (10) the extensivity of
each term in the right-hand side: The first term has a single k-integration of the /? quantity (f),

which scales as 7! overall and is extensive, and the second term involves a double k-integration
of the V"1 quantity (v), which also scales as .
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At this point, it may be useful to reflect on the four different expressions of the exact electronic
Hamiltonian, namely, the first-quantized, second-quantized, normal-ordered, and diagrammatic
forms in the order of the increasing degree of sophistication (33).

Evolution of the Hamiltonian. The first-quantized form is

N 1 Z; 1 Z1 7y
H:_7§ V}_E E +§ +§ . 29)
2 & il L | B (et B B L Bk ] (
The second-quantized form is

=Y = Z1Z; +Zb1“*&,1+ > witalata.a,. (30)

I<J |1"1—1"j| P

The normal-ordered form is

N 1
H = Bue+ ) fllajagy+ 5 Y viiaja o). €2))

b p.q.rs

The diagrammatic form is

I:1=EHF+—>.->- +:>.{' (32)

Note that the one- (b) and two-electron (w) integrals in Equation 30, whose definitions can
be found elsewhere (7), differ from those in Equations 31 and 32 that are based on Equations
24 and 25. The most sophisticated forms—the normal-ordered and diagrammatic forms—are
said to imply the fundamental significance of the HF energy expression, Equation 28, and the
Fock integrals in electronic structure theory because they naturally emerge in these Hamiltonian
expressions that are derived to expedite the evaluation of expectation values (33). The foregoing
analysis suggests something more. The last two Hamiltonian expressions group terms according
to their volume dependence: The first terms in Equations 31 and 32 are extensive (V! quantities),
the second terms intensive (7°), and the third terms inversely extensive (J"-1). The diagrammatic
and underlying normal-ordered expressions are therefore superior to the other forms not only in
the expediency they offer in formula derivations but also in the physics of size dependence that they
embody.

With this preparation, let us complete the proof by showing the extensivity of the remain-
ing energy component: correlation. The expression for the second-order MP (MP2) correlation
correction to the HF energy for a crystal can be readily obtained by replacing each spin-orbital
index in the molecular formula with the composite of a band index and a wave vector index and
by inserting summations over distinct wave vectors (34-42). It reads

vV v o ks Pkpf/ka
BN HHD
By = 4 pky Mk, Tk, Mk, Pkp + ﬂ y »k, f:k;’ 33)
pqrs ky kg ke pkp kg rk7 sks

where 72, = 1 — n,;,. The fourth wave vector, k;, does not appear as a summation index as it is
pinned down by the other three with the momentum conservation condition,

ky+ky — ke —k =k, (34)

where k is a vector of translation in the reciprocal lattice of the crystal. The extensivity of E%)P 43)
is now plain to see. Each of the two-electron integrals in the denominator contributes a factor of
V! to the volume dependence of the expression, whereas the Fock integrals are 1’° quantities and
do not alter it. The threefold k-summation contributes a factor of J”* to the volume dependence.
Overall, Equation 33 scales as I’! and is extensive. Equation 33 also explains the 1/7¢ asymptotic
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decay of the correlation interaction (cf. dispersion) (2, 38), given the 1/7° falloff of the two-electron
integrals in the atomic spin-orbital basis.
This logic can be readily extended to third- and higher-order corrections, E{), (n > 2), thanks to

RPA: random-phase . . . : )
Goldstone’s linked diagram theorem (44). According to this theorem, the n-th-order perturbation

approximation - i X ) ) )
correction to the energy is represented by a linked diagram with z two-electron integral vertexes

and 7 — 1 denominators composed of the Fock integrals. It is not immediately obvious how many
wave vectors are distinct and become independent summation indexes in these diagrams, but an
inspection shows that there are 7z + 1 of them in a linked z-vertex diagram (10). Therefore, the
volume dependence of Ewp is V7" (from the n two-electron integrals) times V° (from 7 — 1
denominators) times V7 ”*! (from the summation over # + 1 wave vectors) or ! overall. We thus
conclude that the correlation energy is also extensive. This completes our “chemical” proof of the
extensivity of energy of a perfect crystal.

Finally, we must issue a caveat. MP2 and all higher-order corrections are known to diverge
in a metal because of the singularities in expressions like Equation 33 on the Fermi surface (41,
42, 45). There are at least two known solutions to circumvent this divergence. One is to invoke
Gell-Mann-Brueckner theorem (45), which states that the sum of all perturbation corrections,
which are individually divergent, is finite for the homogeneous electron gas; this is only a formal
solution. The other is to employ CC that sums divergent diagrammatic contributions even at its
lowest-order approximation and is finite at any order for the homogeneous electron gas (45-47).
Random-phase approximation (RPA) (48-52), which may be viewed as an approximation to CC
doubles (CCD) (53, 54), does the same and is well behaved for metals.

3. SIZE-CONSISTENT DESIGN AND THEOREMS

What are the implications of the formal analysis in the above section on practical computational
methods? In this section, we summarize them, some in the form of theorems, as they pertain
to the size-consistent design of electronic and vibrational methods. For the derivation and more
in-depth discussions of these, the readers are referred to Reference 10.

3.1. Charge-Consistent Fock and Two-Electron Integrals

Equations 24 and 25 exploit the electrical neutrality of unit cells at the integral level; this is
necessary for each integral to have formally consistent, well-defined volume dependence. How
will these new, charge-consistent definitions (10, 31, 32) of integrals affect electronic structure
methods in practice?

The HF energy given by Equation 28, molecular orbitals, orbital energy differences, and
correlation energies are unchanged by these new definitions. Only the diagonal Fock integrals
or the orbital energies, fj7 k, » Are affected and differ from the ones in the conventional definition,

f}7 ky ) but merely by a constant (32),

k k 1
Fo = Py &~ (Ben+ 2En) (35)

where E., and E,, are the electron-nucleus attraction and nucleus-nucleus repulsion energies,
respectively, per unit cell, given by

en—Z//d dr po(rl)pm(rz)’ 36)

|7y — 72|

I ¢ Py (r)pm(r)
Epp = = drdry T2
z§f/ T ¢n
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from which the self-interactions of point charges are understood to be excluded. The Fock integrals
in the new definition are shown to converge considerably more rapidly with respect to the number
of unit cells included in the lattice sums (32). This is because the diagonal Fock integrals in the
conventional definition contain the lattice sums of charge-quadrupole, charge-sextupole, etc.,
interactions, whereas those in the charge-consistent definition do not.

In addition to these formal and practical advantages, the definition explicitly prohibits physically
unacceptable approximations in molecular integrals evaluation. In a number of electronic-structure
programs for molecules, electron-repulsion integrals are often thrown out or never computed,
either on the basis of their (predicted) small absolute values or at some cutoff distances between
basis functions, without the corresponding removal of long-range electron-nucleus and nucleus-
nucleus interactions, potentially introducing a catastrophic error in the energy density of a solid.
The charge-consistent definitions of Equations 24 and 25 make it more difficult to suggest such
approximations. One demerit of the definitions is that Koopmans’ theorem no longer applies.

3.2. Normalization of Wave Functions

There are two schemes of normalization of wave functions—the intermediate and standard
normalizations—that are in use in electron-correlation theories (7). A wave function, W, that
is subject to intermediate normalization is not normalized; only its reference Slater determinant,
®, is normalized:

\v=®+ZZIf¢7+%Z Sl 4 (38)

i=1 a=n+1 i,j=lab=n+1
and
(Vo) =1, (39

where ®¢ and <I>§’]-b are singly and doubly excited Slater determinants with associated excitation
amplitudes, #’ and t,-”/’ , respectively. This intermediate normalization seems almost mandatory in

MP and CC methods for the ground states.
A wave function in the standard normalization can be written as

W=ZZcf¢?+§z Yooty 40)

i=1 a=n+1 ij=lab=n+l1
and
(V) = 1. (41)

This is employed (sometimes implicitly) in the CI methods for the ground and excited states.

Why do we have these two schemes, and what are the essential differences between the two?
Here are the answers (10): The excitation amplitudes (¢) in the wave function intermediately nor-
malized and those (¢) in the wave function normalized have different volume dependence. The
difference is such that we must use the intermediate normalization when describing extensive
quantities such as correlation energies in the ground state, whereas we should use the standard
normalization for intensive quantities such as excitation energies. We thus advocate calling excita-
tion operators, amplitudes, and vertexes that appear in an intermediately normalized wave function
extensive operators, extensive amplitudes, and extensive vertexes. The corresponding quantities in
a normalized wave function are intensive operators, intensive amplitudes, and intensive vertexes.
An n-th-order extensive vertex is shown to have the volume dependence of V172 whereas an
n-th-order intensive vertex is a }71/27"/2 quantity (10).
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Normalization Theorem (10): The amplitudes of an extensive operator are subject to intermediate

—n/2

normalization and scale as V' 1 ="/2 where 7 is the number of external edges of the corresponding vertex.

. The amplitudes of an intensive operator are normalized and scale as I 1/2=7/2. The Hamiltonian is an
Connected diagram:

a diagram in which a
path exists between
any pair of vertexes

extensive oper: ator.

3.3. Extensive and Intensive Diagram Theorems

The volume dependence of the vertexes of extensive and intensive operators leads us to the
convenient, foolproof diagrammatic criteria by which to judge whether a given method is size
consistent.

Extensive Diagram Theorem (33, 44): The equations defining a size-consistent method for extensive

quantities consist only of connected diagrams with no intensive vertexes.
This is well known and a part of Goldstone’s linked diagram theorem. As an example of

electronic-structure methods that satisfy this theorem, let us consider linearized CCD (LCCD).
Its energy and amplitude equation are diagrammatically given by

Erccp = Ewr + , @2)

VNN YN

Here, the filled and open circles are the Hamiltonian and two-electron excitation vertexes, respec-

and

tively, which are both extensive vertexes. Each diagram is connected, proving immediately that
LCCD is size consistent for extensive correlation energies.
We have introduced the corresponding theorem for intensive quantities.

Intensive Diagram Theorem (10): The equations defining an intensive quantity of a size-consistent
method consist of connected diagrams with two intensive vertexes. The equations that determine
the intensive amplitudes may be disconnected but must consist of one connected open part with one

intensive vertex and any number of connected closed parts, each with two intensive vertexes.

CI singles (CIS) is an example of size-consistent methods for intensive quantities (excitation
energies, in this case). It can be diagrammatically defined by

VNV

where the open squares are the one-electron excitation vertexes, which are intensive vertexes
subject to standard normalization. The diagrams on the right-hand side are disconnected (as well
as unlinked), yet they satisfy the intensive diagram theorem. So do the diagrams on the left-hand
side. This proves the size consistency of CIS for intensive excitation energies.
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3.4. Consistency of Extensive and Intensive Operators

Often, we are interested in describing excitation, dissociation, and other intensive properties, while
capturing correlation effects in the reference (ground) states, which are extensive. How can we
define a method that is simultaneously size consistent for extensive and intensive quantities and
hence satisfies the extensive and intensive diagram theorems?

A wave function of such a method must involve both extensive and intensive amplitudes that
are subject to intermediate and standard normalization, respectively. It may be written as

v=C1+T)o, (45)

where 7' is the extensive operator, whose amplitudes are determined first by extensive methods
such as MP and CC, before the amplitudes of the intensive operator, C, are obtained by a CI
procedure. For this method to be size consistent for both extensive and intensive quantities si-
multaneously, the spaces of the Slater determinants reachable by 7° and € must conform to the
following theorem.

Extensive-Intensive Consistency Theorem (10): The CI equations that determine the amplitudes of
the intensive operator, C, must have the trivial solution, C = 1, within the space of Slater determinants
that can be reached by C1C from ®.

This condition may be violated if the space reached by C is too large as compared with that
accessible by 7". In this case, C attempts to improve the description of correlation in the ground
state, which is extensive, in addition to expressing intensive processes. The intensive operator,
C, is not equipped to achieve this in a size-consistent fashion. In other words, for a method
to be size consistent, C must not be allowed to improve the energy of the reference (ground)
state.

There is a class of methods that are designed in completely different philosophies. A number of
the so-called multireference methods perform a truncated CI or related nonextensive procedure
first for the reference (ground) state, before correlation corrections are made by MP or CC. The
energy of the reference state tends to be plagued by nonextensive contributions from the outset.
The above theorem tends not to be satisfied by such methods.

4. EXAMPLES OF SIZE-CONSISTENT METHODS

4.1. Size-Consistent Anharmonic Vibrational Methods

In the molecular electronic structure community, the significance of size consistency and the
power of diagrammatic many-body methods have been well recognized thanks to the effort of
pioneers such as Bartlett, who wrote one of the most highly cited reviews in this series on the
subject (8). We have MP and CC methods and various combinations for electron correlation in the
ground states and CC methods and CIS for excited states, many of which have been implemented
for and applied to crystals under the periodic boundary conditions: MP2 (34-42), third-order
MP (MP3) (39, 55, 56), fourth-order MP (MP4) (55), CC singles and doubles (CCSD) (39),
explicitly correlated MP2 (57), CIS (58-61), and CCSD for excited states (62). For molecular
anharmonic vibrational methods, however, the issues of size consistency are only beginning to be
addressed (6).

The vibrational counterpart of the SCF theory is called vibrational self-consistent field (VSCF)
(63-65). It approximates a vibrational wave function by a normalized product of 1D functions of
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VSCEF: vibrational
self-consistent field
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normal coordinates, ¢, or modals:
W(Qr, ., Q) =] i@ (46)
i=1

where 7 is the number of modes and Q; is the i-th normal coordinate. The shape of each modal is
varied so as to minimize the expectation value of the vibrational Hamiltonian in the VSCF wave
function. This amounts to solving the one-mode VSCF equation for each modal,

1 92

~5ag +V@)} @) = B, @)

which couples with one another through the effective one-mode potential, /;, given by

Vi(Q) = (WiIV (Q, ..., Qu)I¥;) (48)
with
B Ot Qo Q) = 2L B, 49)
»:i(Q))
where Vis the PES. The total energy is the expectation value,
E = (V|H V). (50)

VSCEF can account for the effects of weak anharmonicity in the PES on the vibrational en-
ergies in the ground state (the sum of zero-point energies) and vibrational transition ener-
gies as well as vibrationally averaged molecular properties. It also serves as the reference wave
function for subsequent vibrational “correlation” methods such as VMP (66, 67) and VCC
(68).

Is VSCF size consistent? To answer this, we must know the volume dependence of the PES,
which seems possible only when we expand it in a Taylor series:

= EU+ZFQ, 2,2{ Uan F,0,0 } Y F0.0,0
ij=1 .l]kl
(51
Z FijwQiQ;QrQr+---,

T igki=1

where [ is the electronic energy at the equilibrium geometry and F;, Fj;, Fjjz, and Fj;j; are force
constants. Diagrammatically, this is expressed as

H=FEy+0— +—0— + >0— + & +.... (52)

As stated above, the Hamiltonian is an extensive operator and its n-th-order vertex displays
J71=7/2 volume dependence. At this point, it may be clear that the total energy of VSCF, Equa-
tion 50, cannot be rigorously extensive because, for instance, the second and fourth terms of
Equations 51 or 52, which involve odd-order force constants, cannot form closed, connected
diagrams. This may become more evident in the next equation in which we show how closed dia-
grams can indeed be formed from the right force constants. In Reference 6, we show algebraically
that the VSCF energy and one-mode equation have numerous terms that have nonphysical size
dependence.
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We thus introduce extensive VSCF (XVSCF) (69), which is diagrammatically size consistent
for both total (zero-point) and transition energies. Its total energy is diagrammatically

SR ele ele ot &

and algebraically
1 < R
E=FE,+ 7 Z <— <fﬂz‘ 30 <Pi>+<¢i | Q7| fPi)) + pTRE Z Fijilei | Q7| @i) @) |Q5|‘Pj)
i:l : =1
1
+357 Z Fiijina i Q7 193) (01 Q7 197} (0] Qi low) + (54)
i,j. k=1

which contains only even-ordered force constants of certain types and satisfies the extensive dia-
gram theorem (6, 69).

Besides size consistency, XVSCF has the following remarkable properties. The effective one-
mode potential of XVSCF is quadratic,

~ 1~
Vi(Qi) = Eo + EFii : (55)
where
1 1
= EZ iijj ¢;|Q |<.0] 2,22 Z Ftt]]/ek (,0]|Q |¢])<§0k|Qk|(pIe> , (56)
J# JokFi

and E is given elsewhere (69). This lends the XVSCF equation to analytical solution without any
need for a basis-set expansion of modals or matrix diagonalization, while, however, still involving
a self-consistent procedure. The XVSCF modal is therefore a harmonic-oscillator wave function
with the XVSCF frequency,

w=F, (57)
which can be interpreted as the intensive fundamental transition frequency of the i-th mode.
We have implemented XVSCEF for molecules and demonstrated that as molecules become larger,
VSCEF results approach those for XVSCF, whereas XVSCF is many orders of magnitude faster
than VSCF.

Size-consistent VMP and VCC based on XVSCEF have also been proposed for anharmonic

lattice vibrations (6).

4.2. Reciprocal-Space Downsampling Algorithms

In the proof of extensivity, we have switched between the delocalized (canonical HF spin-orbital)
and localized (atomic spin-orbital) bases, depending on the effective interaction under consider-
ation. These two bases are related to each other by Equation 18, which is more or less a Fourier
transform. A method that is invariant under a unitary basis transformation in one basis is math-
ematically equivalent to the one in another basis; we should then select the basis that offers the
greatest convenience and efficiency for a given problem. Also, a useful algorithm in one basis may
translate to an equally useful algorithm in another basis.

The key idea of most fast (linear-scaling) electronic-structure methods is the distance-based
truncation of molecular integrals or excitation amplitudes expressed in the basis of spatially local-
ized functions. The corresponding algorithm in the delocalized basis is the downsampling of wave
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vectors in the reciprocal-space integrations (40, 56, 70). One way to see this is to invoke Shannon’s
sampling theorem (71), which states that a Fourier transform of f(x) that has a nonzero amplitude
only at |x| < o can be exactly carried out by a discrete Fourier transform with a sampling rate of
1/20. In other words, the farther an interaction reaches in real space, the greater the number of
wave vector sampling points one needs to accurately reproduce the interaction in the reciprocal
space.

In a nonmetal, the slowest decaying effective interaction is the Coulomb interaction (as 1/7°),
whose lattice sum enters HF, whereas the correlation interaction, which is generally more expen-
sive to compute, decays considerably faster (as 1/7%). This realization has led us to propose the
mod-7 downsampling scheme (40, 56, 70), in which we use sufficiently many wave vector sampling
points at the HF step but a much smaller number of points in the subsequent electron-correlation
calculations. In other words, we downsample wave vectors on an evenly spaced grid by a uniform
rate of # only in the reciprocal-space integrations of electron-correlation calculations. It should
be emphasized that this approximation has the strong physical justification given above.

The MP2 correlation correction in the mod-# approximation (40, 56, 70) is given by

VinVinV/inV/n Ufkrfk.v pkpgky
Bh=7 Y ZZZZ o
MP = 7 wkp kg ey ks nl,kﬁnqk ﬂrk ”sk: Pkp fﬂ » . sk s (58)
pars ky bk Tory + Tyn, = Fi, —

where V/n on a summation symbol indicates that the summation runs only over every n-th wave
vector and the quadrature weight, w, takes the value

Wiy oy oy ke =1 (59)
if the momentum conservation condition, Equation 34, is satisfied by the downsampled set of
wave vectors; otherwise it is zero. The significance of the presence of the weight, w, is twofold.
First, this is necessary for the above expression to remain size consistent. Second, it compensates
for the neglected correlation contributions from the unsampled wave vectors in an average way.
This is in contrast with the schemes that compress the spaces of orbitals, molecular integrals, or
excitation amplitudes and then simply throw away correlation contributions from “unimportant”
members of these quantities without restoring them approximately (72-74). With the weight, the
mod-z scheme has been shown to recover 94-103% of correlation energies of 1D solids, even
when it discards 99.98% of contributions considered in the conventional algorithm and brings an
80-fold speedup of the MP2 step (40, 70).

The mod-z scheme has been applied to MP3 and CCSD (56). It accelerates by two orders of
magnitude CCSD for 1D solids, making it routine for the first time. The mod-» MP2, MP3, and
CCSD methods have been applied to the PES of polyethylene in anharmonic frequency calcula-
tions of its infrared- and Raman-active (namely, £ = 0) lattice vibrations (56). The mean absolute
deviations from the observed frequencies are 47 (MP2), 46 (MP3), and 34 (CCSD) cm~! without
any empirical scaling of the calculated force constants or frequencies. The mod-» MP2 method
has also been applied to quasi-particle energy bands and energy density of states of polyethylene
and polyacetylene (40). The calculated results are in quantitative agreement with the observed
(angle-resolved) photoelectron spectra.

In the mod-7 scheme, wave vectors in each band are downsampled at the same rate of 7. This
is not mandatory and we can in fact downsample higher-lying unoccupied bands and lower-lying
occupied bands at an increasingly greater rate. When the downsampling rate is set to increase
exponentially, the total number of states that need to be included in the lattice sums of electron-
correlation calculations increases only logarithmically with respect to the number of bands or
basis functions in a unit cell. We have combined this idea with MP2 for 1D solids, introducing
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the log-z MP2 method (75). Unlike mod-» MP2, which achieves an impressive, size-independent
speedup, the speedup of log-z MP2 increases with the increasing size of the unit cell because
added higher-lying unoccupied bands and lower-lying occupied bands are downsampled at a
progressively greater rate. In other words, log-» MP2 has superior scaling of computational cost.
Its energy is given by

log V log V log V log V' vrkrka bkpaky

R S ID 3D 3D I o
Eyp = 3 Wiy kg ey b ey kg P, Py — k, e (00)
foel + = fle —
pq.rs k[, /eq k- ks kp 7k vk sks

where log  on a summation symbol (figuratively) indicates that the summation runs over an
exponentially downsampled grid of wave vectors. Again, weight, w, is necessary to maintain size
consistency and to compensate for unsampled contributions. We have found an appropriate ex-
pression for it (75) to be

s

wlqu,k,,j,k,-,lq = max(u,n,n,, nyng i, NN, n,n0;), (61)
if Equation 34 is satisfied; otherwise the weight is zero, where 7, denotes the downsampling rate
of the p-th band. It is essential that we connect discrete band energies correctly by resolving all
real and avoided crossings for this scheme to work.

4.3. Hybrid CC/MP Method

The core idea of the log-» MP2 method is that we should treat the bands near the Fermi surface and
the others differently, namely, put more computational efforts on the frontier bands and much less
on the others. We can go a step further and apply higher-accuracy methods such as CCSD only to
the frontier bands and lower-accuracy methods such as MP2 to the rest. The corresponding hybrid
in the real space, applying CCSD and MP2 for short- and long-range interactions, respectively,
was proposed and implemented for molecules by Schiitz & Werner (76). The hybrid in the energy
space for molecules was introduced by Nooijen (77) and studied by Bochevarov et al. (78, 79).

We have extended the hybrid CC/MP method of Nooijen to 1D solids (80). We apply CCSD
only to the frontier bands, which are responsible for the possible divergence of MP2 in metals,
while treating other bands by less expensive MP2. An efficient implementation of this method
requires a complete revision of the working equations of CCSD such that matrix multiplications
of the molecular integrals and first-order amplitudes, which do not vary during an iterative solution
of the CCSD equations, are isolated and executed before the iteration. We have proposed such
a revised set of equations. The bands need to be connected correctly. The hybrid CCSD/MP2
method has been shown to recover 98% of CCSD correlation energy or approximately half
of the difference between CCSD and MP2 at less than a tenth of the usual CCSD cost for
polyacetylene (80).

4.4. Binary-Interaction Method

For systems that have essentially localized chemistry, we may switch to a local basis. Classes of
systems whose interactions are most localized are molecular clusters, crystals, and liquids. They
include such important systems as water and ice. They are distinguished from other clusters, solids,
and liquids in that they maintain molecular identities of the constituents. We can use molecular
orbitals and energies of the constituents as a convenient computational basis for the description
of the whole system.

We have proposed a high-accuracy electron-correlation method for routine first-principles
determination of energies, structures, and phonon dispersion of molecular crystals. This
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binary-interaction method (81-85) approximates the total energy per unit cell of a crystal,

U =E/V,by
1 Vv
U= Z Eig+Y_ (Eiw;0 — Eio) — Ejo)+ 3 D (1=68m0) Y (Eiwjam — Eio) — Ejm) » (62)
i<j m ij

where Ejam) denotes the energy of the j-th constituent molecule in unit cell m and Ej)jm) the
energy of the dimer consisting of the i-th molecule in unit cell 0 and the j-th molecule in unit
cell m. These molecules are embedded in the electrostatic field of the rest of the molecules in the
crystal determined to be self-consistent with one another. This is the second-lowest member in the
series of many-body expansion of energy; three-body, four-body, etc., energies can be included,
if necessary, to increase the fidelity of the simulations at an increased computational cost. There
are many similar methods and we do not attempt to cite all relevant studies here except to note
that ours is a direct simplification of Kitaura et al.’s (86) pair-interaction method, which is the
predecessor of their highly successful fragment molecular orbital method (87).

The total energy is manifestly extensive in this local-basis method regardless of which electron-
correlation method is used to evaluate Ejum) and Ejq)jm). Even a non-size-extensive, truncated
CI can be used! A combination of MP or CC with the binary-interaction method can describe
all chemical interactions in molecular crystals, with their strengths spanning at least three orders
of magnitude. The basis-set superposition errors (BSSE) in weak interactions such as hydrogen-
bond and dispersion interactions can be removed effectively by a counterpoise method (82). Excited
states in a condensed phase can also be studied (81).

The first and second derivatives of U with respect to the atomic coordinates can be readily
obtained as the corresponding sum of the derivatives of molecules and dimers (81, 88), which
today can be computed analytically in electronic structure programs for molecules. Furthermore,
the derivatives with respect to coordinates unique to crystals—lattice parameters (#, b, and ¢)—can
also be computed (83) efficiently as

v _ me Z Z { 3Ez<0>7<m) fo(m) } 63)
](

) j(m)

where x7, denotes the x coordinate of the y-th atom in the j-th molecule in unit cell m. The
derivatives with respect to 4 or ¢ are obtained by evaluating the same expression with x being re-
placed by y or z, respectively. These are helpful in determining the structures and Young’s modulus
of molecular crystals. In a step toward integrating electronic structure theory and thermodynam-
ics, we also consider the enthalpy per unit cell, H = U + P(abc), where Pis pressure, if the lattice
is orthorhombic. Its derivatives with respect to atomic coordinates and lattice parameters can be
easily computed, e.g.,
0H _ 9 U
Ba  da
This has proved useful when studying pressure dependence of the structure and phonons
(O. Sode & S. Hirata, manuscript in preparation).

The binary-interaction method at the MP2 and CCSD levels has been applied to solid formic
acid (83), which is of interest in relation to the structure of hydrogen-bonded solid, liquid, and
aerosols, phase transitions, polymorphism, concerted proton transfer, etc. Accurate energies with
BSSE corrections, structural parameters, and frequencies and reliable assignments of infrared,

+ P(bo). (64)

Raman, and inelastic neutron scattering spectral bands have been obtained for three conformers
(er, B1,and B;) of the 1D chains. The results suggest that the observed diffraction and spectroscopic
data are consistent with the pristine 81 form and that the mysterious infrared band splitting can be
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assigned to the in-phase and out-of-phase vibrations of adjacent formic acid molecules rather than
to the speculated polymorphism (89). Spectral features expected from the o and f; forms have
also been shown to be incompatible with the observed Raman and inelastic neutron scattering in
the low-energy region.

The 3D structure of solid hydrogen fluoride has been a subject of debate. Four prior experi-
mental studies (90-93) were splitamong three possible structures, polar, nonpolar, and disordered,
whereas three previous computational studies (94-96) were also inconclusive and divided between
polar and nonpolar structures. Our binary-interaction calculations (85) at the MP2 level with the
BSSE correction have been decisive in favoring the nonpolar structure, ending the controversy.
We have also studied the pressure dependence of the volume, infrared- and Raman-active vi-
brational frequencies, and phonon dispersion and density of states using the technique discussed
above. In the 1D model of solid hydrogen fluoride, we can easily raise the level of electronic
structure theory to CCSD and CCSD with a noniterative connected triples correction and that
of a vibrational treatment to vibrational configuration interaction (VCI) (84). This calculation
has reproduced the observed frequencies of the Raman bands of solid hydrogen fluoride with the
mean absolute deviation of 55 cm™! without empirical scaling.

SUMMARY POINTS

1. The systematic, diagrammatic many-body methods such as MP and CC are beginning to
be applied to solids, demonstrating their unprecedented potential in achieving predictive
accuracy in such applications.

2. The electronic and vibrational methods whose accuracy can be controlled and maintained
across the whole range of system size can only be designed with the essential aid of
(diagrammatic) size-consistency criteria and an understanding of the size dependence of
thermodynamic observables that these methods are meant to predict.

3. The computational cost of these methods and the feasibility of their applications to
solids and liquids are ultimately determined by the asymptotes of the effective chemical
interactions.

4. The proof of extensivity of energy, the asymptotes of effective chemical interactions, and
the diagrammatic criteria of size consistency and a guideline for size-consistent designs
have been given. Several novel theories and algorithms have been proposed on this basis.
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