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Size-extensive generalizations of the vibrational self-consistent field (VSCF), vibrational Mgller—
Plesset perturbation (VMP), and vibrational coupled-cluster (VCC) methods are made to
anharmonic lattice vibrations of extended periodic systems on the basis of a quartic force field
(QFF) in delocalized normal coordinates. Copious terms in the formalisms of VSCF that have
nonphysical size dependence are identified algebraically and eliminated, leading to compact and
strictly size-extensive equations. This “quartic” VSCF method (¢gVSCF) thus defined has no
contributions from cubic force constants and alters only the transition energies of the underlying
harmonic-oscillator reference from a subset of quartic force constants. It also provides a way to
evaluate an anharmonic correction to the lattice structure due to cubic force constants of a certain
type. The second-order VMP and VCC methods in the QFF based on the gVSCF reference are
shown to account for anharmonic effects due to all cubic and quartic force constants in a
size-extensive fashion. These methods can be readily extended to a higher-order truncated Taylor
expansion of a potential energy surface in normal coordinates. An algebraic proof of the lack of

size-extensivity in the vibrational configuration-interaction method is also presented.
© 2010 American Institute of Physics. [doi:10.1063/1.3462237]

I. INTRODUCTION

Electronic structures of infinitely extended systems with
one-dimensional periodicity (e.g., crystalline polymers) can
be characterized accurately by crystalline orbital (CO)
theory.lf3 They are based on size-extensive approximations
such as the Hartree—Fock (HF),4_6 second- and third-order
Mgller-Plesset perturbations (MP2 and MP3),"% and
coupled-cluster singles and doubles methods.”'® The corre-
sponding methods for vibrational structures have also been
established"' ™ presently for molecules only as the vibra-
tional self-consistent field (VSCF),IS*18 vibrational Mgller—
Plesset perturbation (VMP),"?! vibrational configuration-
interaction (VCI),”> and vibrational coupled-cluster (VCC)
methods.” % They allow anharmonicity in potential energy
surfaces (PESs) and resulting mode-mode coupling to be ac-
counted for in vibrational spectra27’28 and vibrationally aver-
aged proper’[ies.zg’30 However, these vibrational methods
have not thus far been applied to anharmonic lattice vibra-
tions in solids apart from a few notable exceptions“_33 nor
have their formalisms been shown rigorously to have the
correct size dependence and be safely applicable to extended
systems. For a pioneering analysis of this issue, the reader is
referred to Christiansen.”"

The objective of this study is to present size-extensive
generalizations of the VSCEF, first- and second-order VMP
(VMP1 and VMP2), and VCC methods for extended systems
of one-dimensional periodicity in delocalized normal coordi-
nates. The conclusion drawn should be applicable to ex-
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tended systems of two- and three-dimensional periodicity.
The size dependence of the methods is determined by in-
specting the asymptotic functional dependence of various
quantities that enter their formalisms upon the number (K) of
k vectors in the first Brillouin zone (BZ).>* The analysis has
revealed that copious terms in the formalisms of VSCF have
nonphysical size dependence. These terms have been identi-
fied algebraically and eliminated so that compact and strictly
size-extensive equations are obtained for a quartic force field
(QFF), defining the “quartic” VSCF method (¢VSCF) as
well as the VMP and VCC methods in a QFF (¢VMP and
gVCC) based on a gVSCF reference. The gVSCF method
has no contributions from cubic force constants and alters
only the frequencies of the underlying harmonic-oscillator
reference from a subset of quartic force constants. It also
provides a way to evaluate an anharmonic correction to the
lattice structure due to cubic force constants of a certain type.
The VMP2 and VCC methods include the anharmonic ef-
fects due to all cubic and quartic force constants in a size-
extensive fashion. It is also shown algebraically that VCI
lacks size-extensivity. This work reports only the equations
defining these methods and a formal analysis of size-
extensivity.

Il. ELECTRONIC STRUCTURES

This section briefly reviews the established formalism of
the MP2 CO method to illustrate the algebraic method of
analyzing size-extensivity. In the periodic boundary condi-
tions, a one-dimensional extended system is viewed as a ring

© 2010 American Institute of Physics

Downloaded 01 Dec 2010 to 130.126.226.104. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1063/1.3462237
http://dx.doi.org/10.1063/1.3462237

034109-2 Hirata, Keceli, and Yagi

of K identical repeat units. A symmetry-adapted orbital such
as a canonical HF orbital is then delocalized over the entire
ring and has the Bloch form

e = K75 S et exple ik (r—ma), (1)
moom

where cf; is an expansion coefficient, m is the unit cell
index andpruns over all K unit cells in the system, a is the
lattice vector, and ) ,(r—ma) is the uth atomic orbital (AO)
centered in the mth unit cell. Each orbital is characterized by
the linear quasimomentum kp, which can take one of the
following K distinct values:

kpzzf, {neZl0=n<K}, (2)
where the unit of length is adopted in which |a|=. Notice
the dual role played by K in the periodic boundary condi-
tions: K is the nominal size of the extended system and also
the number of distinct k vectors in the first BZ. We use this
knowledge to establish whether a method is size-extensive
and therefore applicable to extended systems.3’35

Take the MP2 theorylo as an example. The correlation
energy of the entire ring is given by

Eyipy = 2

ij,a,b kikjk,

ik, ]k ik, jk ik, jk #
Vak pk, 2V bk, ~ Vbl gk )

3)
Cik, F €k~ €ak, = bk,

where the CO-based one- and two-electron integrals are re-
lated to the AO-based counterparts defined elsewhere'” by

e =K', > cpk c ok exp(— imk,a) fi, R 4)

mv m

Ir)lfgckq_K_ E 22:Ecpk rkc

KN Qv my my m3
Xexpli(—mk, +myk, - m3ks)a}vﬁgl)ﬁg("n21)3). (5)
The k summation (BZ integration) in Eq. (3) is only three-
fold, although there are four distinct k& vectors in the sum-
mand. This is because the v integrals vanish identically un-
less the following momentum conservation condition is
satisfied:

ki+k;—k,—ky=2n, {n e 7}. (6)

We can establish® the size-extensivity of MP2 by inspecting
the K dependence of the quantities entering Eq. (3). The
numerator in the equation displays K~> dependence as v is
inversely proportional to K [Eq. (5)]. The denominator does
not depend on K because of Eq. (4). The threefold k summa-
tion gives rise to the factor of K*. Together they make Eyp,
exhibit asymptotic K' dependence and thus proportional to
size, as expected for a size-extensive theory.

Ill. VIBRATIONAL STRUCTURES
A. Normal coordinates

The normal coordinates and harmonic-oscillator wave
. 3637 . . .
functions form the basis of our theories. Harmonic force
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constants of an extended system of one-dimensional period-
icity may be obtained in Cartesian coordinates as

PV

Foopm="o o > (7)
P 0X u0) 9 X om)

where V is an electronic energy of the whole system and
X,m) 18 the vth Cartesian coordinate in the mth unit cell.
While V is size-extensive, the force constants are size-
intensive because they are associated with spatially local co-
ordinates. Its discrete Fourier transform defines the dynami-
cal force-constant matrix,

DY F 40y v(m) €XP(= imka), (8)

and the dynamical mass-weighted force-constant matrix,
= -12 -12
F'=m, “Fi'm,"", )

where m, is the atomic mass associated with the vth Carte-
sian coordinate. The diagonalization of the latter yields
squared harmonic frequencies (0? ok, ) and normal-mode vec-
tors (C ) as eigenvalues and elgenvectors respectively,

E F‘”C” ct

pk

o (10)

The pth branch of the phonon dispersion curves can be ob-
tained by plotting the frequency w,, as a function of the
linear quasimomentum k. There are fN such branches (N is
the number of atoms in a unit cell), and they are categorized
into 3N—-4 (3N-3) optical and 4 (3) acoustic phonon
branches (the values in parentheses are for a linelike poly-
mer).

A complex normal coordinate is defined as the orthonor-
mal linear combination of mass-weighted Cartesian
coordinates,38

_ K—l/zz E m1/2CVk exp(— imk,,a)Xv(m)’ (11)

which satisfies Q" ok, =0, ks
vibrational Hamlltoman is

In the BO approximation, the
=- —E 2V, (12)
P k aQ k ank

where V (the potential energy surface or PES) is an elec-
tronic energy of the whole system (not an energy per unit
cell). In the harmonic approximation,

1 .
V=Viyrm = EE > wlzjkapkapkp' (13)
p kp

The normal coordinates of the first kind,38 which are real,
can be defined by
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kap: 2_1/2(qlzkp+ iqﬂkp)’ (14)

*

kap: 2_1/2(qlzkp_ iqpkp)’ (15)

except when k,=0 in which case on_Q;o_‘Ipo (0 is not
defined). They satisfy the relations, g, K, =pk, and g,
=—q,,k , and therefore, the nonredundant set of 1ndependent k
vectors in these coordinates spans just one half BZ. In these
coordinates, the Hamiltonian in the harmonic approximation
reduces to the sum of the Hamiltonians of independent har-
monic oscillators,

HHRM—__EE —_EE

p k aqu P k é’ql)k

_22 pkqpk +_22

k qpk s (16)

where the primes indicate that the summations are taken over
only the nonredundant set of k vectors. The vibrational
Schrodinger equation of this Hamiltonian is subject to com-
plete separation of variables and can thus be solved exactly.
For a state characterized by a string of quantum numbers v
=Vlky- - VMg,V 1k - - VBN 2 the wave function and en-
ergy of the whole system are given by

W;Zl;”(qpkp) > ( 1 7)

HRM = H H n pk”(f]pkp)l_[ lk_ll

EI‘ZIRM EE wpk (vpk +1/2)+22 (1)

Upk + ]/2)

(18)

where the symbols with overbars are associated with g, apk, and
those without overbars with pk, The one-mode wave func-
tion with the quantum number v, is

P

T Gpt,) =N, o, (@510 01, Jexp(= @i g5 12). (19)

The explicit expressions of the normalization coefficients

N, . and the Hermite polynomials H are found in many
p

places % The functional forms of T P"p and T ’r%, are identical

to each other when Upk, —v,,k It is ev1dent 'that w Pk, and
E}ry are KO (size- intensive) and K' (size-extensive) quantl-
ties, respectively.
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B. Anharmonic potential energy functions

There are a number of ways to approximate V2 In view
of the enormous dynamical degrees of freedom in an ex-
tended system, one practical way will be to expand V in a
Taylor series and truncate it after a finite order. A QFF

(Refs. 41 and 42) in the normal coordinates is written as

V= 2 OQpO + 7

71 2 2 Fpkququkaqkq
“pq ky

+ 3_ E 2 pk qk rk ka qu Qrk

P-q.r k

pk gk rk sk ka qu Qrk ka (20)

q'"rts

E 2 pk ak, (qpk Mk, T Zlqpk Clqk
p‘l p

=E FpO‘IpO +
P

E E pk ak rk (qpk qqk drk,

- qpk qqk )
P q
Dsqsr kpkq

3 '23/2
+ 3iqpkaqqurkr - 3kapqqqurkr - iqpkpqqqurkr)

2 X F

F Lk gk sk (qpk qqk vk, 9sk,

2 rs
4 2 DPsg.rsS k k k. d
+ 4iqkaquququ_sks - 6qupqqqurqu€ks
- 4iqpkpqqqurquskx + qpkpqqkququsks) > (2 1)

where the summations take into consideration the fact that
the force constants (F) in the normal coordinates vanish
identically unless the sum of the momenta is conserved (see
below). The second equality follows from Egs. (14) and (15).
When the k summations are taken over the whole first BZ (as
in the above equation), the factor of 2712 peeds to be asso-
ciated with each g, or Gpk,, €XCEP G- This exception is not
made explicit for notational simplicity unless k vectors are
specifically zero.

The following analysis does not substantially depend on
this particular truncation order and can thus be extended
readily to a higher-order truncated Taylor expansion of V (if
not to a grid-based numerical representation). As will be-
come clear, cubic and quartic force constants give rise to
leading-order anharmonic contributions to lattice structures
and energies, respectively, and, in this sense, a QFF is the
lowest-order truncation that is meaningful for the analysis.

In the Cartesian coordinates, the same QFF can be ex-
pressed as
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V= E 2 FK(ml)XK(ml) + E 2 Fy ()N my) K(m X Amy)

Komy K}\mlmz

1
+ 7 E E FK(m1))\(mz)/.t(m3)XK(mI)X)\(mZ)X,u,(m3)

31
C KON, 1,y

+—E >

K)\;Lvmlm2m3m4

F m N my) pamg) viom )X scm ) X\ om)

XX;L(m3)XV(m4) (22)
=K, FoXuo) + E 2 Fy ONm )X k(XN ()
K ! KN my
K > D> F X 01X (1 X
EY K(OINGm,) alim) X k(0) AN VA pulmy)
Y KON W My, my
K
o > 2 F KONy ey v ) X ()X N (m )
C KON,V My My, My
XX my X vfims) (23)

where the second equality exploits the translational invari-
ance of the force constants in the Cartesian coordinates such
as

F F (24)

el N m) a(m)vm ) = F 0N my-m ) pomymy) o g=my)

The factor of K that multiplies each sum in Eq. (23) under-
scores the fact that the terms in V are individually size-
extensive (K'). The two sets of force constants are related to
each other by the following transformations:

Fp =K'"A, Em‘” ¢ Faon (25)

1212
Fpi gk, = KOAk+k22m C Fonom,)

K)\ my

Xexp(imk,a), (26)

- _12, —12
Fpkqurk_K Ak+k+k2 > mmy m,

KN g,y
e Nk
ok, Cat, Cri F O mptny)
xexp{i(m k, + myk,)a}, (27)

-12, <12, —1/2
=K Ak ko kg > > mmy

Fpk gk rk sk, —
rPtq
K)\,uvml My, M3

-12
Xm, C C ok F (0N, sy )
Xexp{i(mlkq + mzk, + msk,)a}, (28)

where A ensures that these force constants are nonvanishing

when and only when the normal coordinates involved satisfy
. .. 38

the momentum conservation condition,” namely,

A, =K' exp(ikma) = { bok=an {n =7 (29)

0 otherwise.

These expressions indicate that the nth-order force constants
in the normal coordinates scale as K'™? (Ref. 38). Further-
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more, since the normal coordinates are centered at the equi-
librium lattice structure, we have

Fpi, =0, (30)

2
Fpkquq = 5qukp+kqukp. (3 1)

C. Self-consistent field theory

A VSCF wave function>™" of the state characterized by
the string of quantum numbers v is the product,

:/SCF_ H H gvpk”(qpk )H H pk”(qpk (32)

where 4’,’” % is a one-mode function (modal) of pk, with the
quantum ﬁumber Upk, and the linear quasimomentum k,
the pth phonon branch and g" & defined accordingly. It is

expanded as a linear combmatlon of the harmonic-oscillator
wave functions with the same p and k,, attributes,

g;kp(qpkp) = % D;:Ilc)p n;vkp(qpkp)’ (33)

where D is an expansion coefficient and some subscripts are
omitted for notational simplicity. We vary { such that the
expectation value of H, in the wave function DY gcp becomes
a minimum. This leads to coupled eigenvalue equations that
need to be solved self-consistently for all p’s and k,’s,
2 Gy
w

=Dy Epe s (34)

where E° Pk, is the energy of the modal ¥ Pk, and G} k is an

element of the matrix representation of G in the harmonlc-
oscillator basis,

pk = <77pk | Pk |77;v;vkp>, (35)
with
A 1 &
v =—————+U" . 36
pkp 2 06]§kp pkp(qpkp) ( )

Here U is an effective one-mode (thus one-dimensional) po-
tential for the mode pk, and is the expectation value of V in
the product of all modals except for the one in question,

U;kp(qlakp) = <¢;kp|v|q);kp>’ (37)
with
q)vk = (DVSCF/gv » qpk ). (38)

Through this potential, Eq. (34) for one mode couples with
the corresponding equations for all the other modes.

When V' is a QFF, U is also a quartic function of pk, and
1S written as
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1o, 1,
a1 U3qpkp + 47 U4qpkp .

2
Uqukp + 31

. 1
Upkp(ql)kp) =Uo+ Uigpi, + 2

(39)

Let us first clarify what the correct dependence of U should
be. Note that U is a one-dimensional potential for the mode

Pk, whose associated kinetic energy part scales as K°. The
thlrd and subsequent terms that depend on apk, must there-
fore scale as K° and determine the size-intensive (K°) tran-

Up=2 Fo{q,0) o

E 2 qk rk (<f]qk ><61rk )= <f]qk ><61rk )+

J. Chem. Phys. 133, 034109 (2010)

sition energies and the shapes of the modals. The first term
(Uy), on the other hand, is a constant representing the sum of
the energies of all the other modes and should be size-
extensive (K'). The second term (U,q,; ) should be zero for
U to have the correct size dependence. pWe shall now show,
however, that Eq. (39) does not formally satisfy these crite-
ria.

Substituting Eq. (21) into Eq. (37), we find the constant
to be

1
'2§ kz Fq—qukq(<Q(2;kq> + <q§kq>)

q qr k

+ _2 2 qOr—k rk <Qq0>(<qzk )+ <673k N+ 05 32 2 2 qk rk sk (<qqk X ><%k )— 3<qqk ><qu ><6]5k )
2'2qu T " " 312 qrvkk
2'2'2‘22[12:, k};, ekt () + T )+ 4T ) + 4'22;”](% F gt sk (e ) X5k M)

+ (T Gk KT X T) = G X NG NG ) + -

where (g, ) and <q§k> are the short-hand notations of

q

(gj]zk |qqk |§’7‘1"q) and ( qq|qqk |{U‘1’;q) respectively, and (qqk)
and (q o, ) are defined accordlngly It should be understood
that the summations must exclude the mode Pk, because of
Eq. (38). The second term in the right-hand side also ex-
cludes Dk, =4rk, 3 it is included in the third term. This sec-
ond term involves the summation over only k, but not k,
because F , vanishes unless k,+k,=2n (n is an integer).
The terms that involve odd numbers of g do not appear in
this equation because it satisfies the antisymmetry relation,
dq-k =—qqk > and the k summations are taken over the whole
first BZ.

The right-hand side of Eq. (40) does not have consistent
K dependence. The first term scales as K'? because F, Q018 2
K'? quantity and {q,0)=({5#lq,0/£;4") is independent of K.
The second and third terms scale as K! because F gk, has
the K dependence and the summation over k, gives rise to
the factor of K'. In the same way, we find the K dependence
of the fourth and fifth terms to be K'/? and K*?, respectively.
The sixth and seventh terms with the quartic force constants
scale as K' and K2, respectively. To summarize, only the
quadratic terms and the terms with quartic force constants of
the type F 4k qk =k, display the correct K' dependence in
Uy.

The fact that U, is a sum of terms with varied K depen-
dence does not immediately mean that VSCF lacks size-
extensivity. This is because the terms with nonphysical K
dependence may be shown to vanish in the bulk (K=c)
limit. The terms whose K dependence is K> or a weaker
power of K become asymptotically negligible as compared
with the size-extensive (K!) terms. It should also be noticed
that the other terms with nonphysical K dependence always

(40)

involve the expectation values of odd powers of the normal
coordinates in {. Therefore, if { can be shown to be symmet-
ric (i.e., even or odd) with respect to the origin as is a
harmonic-oscillator wave function centered at the equilib-
rium lattice structure, these terms also vanish by symmetry
and the entire expression remains size-extensive (K') in the
bulk limit. That { is a harmonic-oscillator wave function (but
with a frequency differing from w) is indeed the case under
certain circumstances to be specified below.
The gradient in Eq. (39) is given by

U,= 0+_LEE

0 0q—qukq(<q(§kq> + <¢7§kq>)

+ E Fpkquq<quq> E E pk qk rk (<qu ><qu >
q ky

2,21/2

- <q_qkq><qur>) +55 2 2 pk qk rk sk (<qqk ><Qrk ><qu >

q r,s k k.
- 3<Qqu><qur><qus>) + ..., (41)

where Dk Dk and gy must differ from g, . The terms in
the right-hand side scale as K2, K2, K°, k"2, and K', re-
spectively. Their sum, therefore, does not exhibit well-
defined K dependence. The third and subsequent terms van-
ish by symmetry if { is a harmonic-oscillator wave function
for the reason described above. The first term (F p()) is zero at
the equilibrium lattice structure, but the second term is not; it
represents the leading-order anharmonic effect on the lattice
structure (see below). Note that the cubic force constants that
enter this important term have the form F,o,_; Sk The VSCF
method is not size-extensive unless the sum of the first two
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terms (“VSCF gradient”) vanishes for every in-phase coordi-
nate (g,0). This point will be expounded at the end of this
subsection.

The quadratic force constant is expanded as

1 1 1
2_!U2 = 3 Fp i, t Y E Fp—kppkpq0<qq0>
mz E p —k pkpq quk (<qqk > <qu >)
_E E —k,pk,qk =k, (g k, ><qu )
21212 ok Fp- PPpd 1
+ <quq><67rkq>) + ..., (42)

where g, ak and g,, must differ from Ak U, does not
scale con51stently, either, as the second (cubic) term scales as
K Y2 and differently from the other terms, which are K°
quantities. However, the second term vanishes in the bulk
limit, and the fourth term is also zero by symmetry if { is a
harmonic-oscillator wave function.

The cubic and quartic force constants are given by

1 1
§U3 = WF/’kppkpp 3 '22 pk pkppkquq<qqkq>
1
+ ﬁ% Fp—kppkppkpq—kp<qqkp>’ (43)
l 1 —F —F
31 U4= g Foktpin, + 305 F okt ik,
1

* 2 bty “44)

These expressions exhibit the K~/? and K~!' dependence, re-
spectively, and thus vanish in the bulk limit. Generally, if we
assume that { is a harmonic-oscillator wave function, we can
show that the nth-order force constants in U decay as K'™"?
or more rapidly regardless of the highest order of the force
constants present in V.

Let us now suppose that all VSCF gradients [the sum of
the first two terms in the right-hand side of Eq. (41)] are
made to vanish by choosing an appropriate lattice structure
(see the next subsection). The force constants and normal
coordinates are determined at this origin. With Uz and U,
vanishing asymptotically, U reduces to a canonical harmonic
potential (with zero off-diagonal quadratic force constants)
in these normal coordinates at K=c0. Each modal (! pk, OF
g"pk ) is therefore a harmonic-oscillator wave function along
the corresponding normal coordinate but with a different
(i.e., renormalized) frequency. The change in frequency oc-
curs because U, has a contribution from the quartic force
constants F' 4=k qk =k, The modal is centered at the lattice
structure with which the normal coordinates are determined
and hence the expectation value of an odd power of g, in
g";k is zero by symmetry. Hence, with this choice of the
lattice structure and normal coordinates, the VSCF equations
become asymptotically size-extensive.

J. Chem. Phys. 133, 034109 (2010)

Alternatively, one can maintain the equilibrium lattice
structure as the origin (where V is at minimum and F,,=0)
and neglect cubic force constants, which also restores size-
extensivity in VSCFE. Under this approximation, ka again
becomes a canonical, renormalized harmonic potential. A
modal in this potential must be symmetric (even or odd) with
respect to the origin, erasing all nonphysical terms in U, Pk,

Conversely, when nonzero VSCF gradients are retained
in the equations, the size-extensivity of VSCF cannot be
proven. A different perspective on the issue of size-
extensivity of VSCF is provided in the Appendix on the basis
of the additivity (or the lack thereof) of the energies of non-
interacting subsystems in a supermolecule.43

D. Size-extensive self-consistent field theory

The foregoing discussion reveals that the VSCF equa-
tions are plagued with terms with nonphysical K dependence,
which are, however, shown to vanish under some circum-
stances. It is desirable to restore strict size-extensivity in the
equations by retaining only the nonvanishing terms in U’s
that have the correct K dependence. We introduce the follow-
ing restricted form of a QFF:

2 =2
Vyvscr= 2 E kp[)kp(qup + qpkp)

2‘2'2'222 E p kppkpq quk

X (qpkp + qpkp) (qqkq + qqkq) (45)
__E E p kppk (l],;k q,z;kp)

—ZE

22121528 Fomtpia-tat,

X (g + cipkp)(qqkq ). (46)

where g, must differ from dak, and it should understood
that the factor of 272 associated with each appearance of
Gpk, OF Gpi in Eq. (45) is replaced by unity when k,=0. For
this QFF, we can write the one-mode potential of VSCF that
has the correct size-dependence as follows:

qVSCF(Cka )= <(I)pk | VSCFl(Dpk )

1 UqVSCF

_ qVSCF
- UO 2 ('ka ’

(47)
with

1
VSCE_ 3 S 2 7>
Ug 2 g k Fq_kfiqkq«qqkq) * <quq>)
P

—EE

2121217,

x(<qu,>+<q,k,>> (48)

2 =2
q ququ—krrkr(<qqkq> + <qqkq>)

and
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034109-7 Anharmonic lattice vibrations
1 UqVSCF _ iF 2 2
2! 21" 7k T 1) Frtyotyaot o,
2 —
X (<C]qkq> + <qqkq>), (49)

where ¢, and dri, differ from q,, and g, =4, and g
=, are excluded from the summation in Eq. (48) Equation
(47) is a sum of the size-extensive (K') constant and the
size-intensive (K°) quadratic function. The vibrational
Schrodinger problem with this harmonic potential can be
solved analytically to yield size-intensive transition energies
that include the effects of anharmonicity due to
F,_ kg ak, We call this method quartic VSCF or gVSCF
(see also the methods of renormalized and self-consistent
phonons). The one-mode potential given above varies with
all the other modals through the last term of Eq. (47), and
therefore, the gVSCF equations [Egs. (34)—(36)] must be
solved self-consistently. The modal g’; Z’%(é’; #4) is a harmonic-
oscillator wave function in g, (q_pkpjl but’ with a different
frequency than that of U‘f" (77 Z’;q) The total energy of the
state v is the expectation value of the Hamiltonian with
V, vscr in the gVSCF wave function and is written as

q
1 ,
22 2 ek \ )

(9—2 ‘ >
%z kE'F

v —
EqVSCF -

P

i (020 )+ (T2 )

—EZ

2121215

><(<qqk )+ <qqk >), (50)

p kppk q— quk (<qpk > <qpk >)

where qpk, (7, ) must not coincide with qqk, (q,,k) Each
term in the rlgflt hand side scales as K!, and the sum is
therefore strictly size-extensive. It should be evident that the
sextic force constants of the type F,_; Phak gk k1%, and
analogous higher even-order force constants can also be in-
cluded in a size-extensive fashion, defining sextic, octic, etc.
VSCF methods.

As discussed in the previous subsection, the necessary
condition for the size-extensivity of VSCF is that all VSCF
gradients vanish. In gVSCF introduced above, such terms are
excluded from V,ygcr defined above so that the resulting
equations are mamfestly size-extensive. They are however
related to an anharmonic correction to the lattice structure
(more specifically to the atomic positions but not to the lat-
tice constants). The anharmonic correction (7)) measured in
the real normal coordinates of the first kind is the one at
which the VSCF gradients vanish identically,

avascF(qPO) — 0 (5 1)
aqPO qp():?ipo

with

J. Chem. Phys. 133, 034109 (2010)

- - - 1 ~
U, ;VSCF(qPO) =U gVSCF +U (INSCquo + 5 U ZVSCFCIZ@ (52)

The gradient of ﬁ;VSCF is given, according to Eq. (41), by

U(fVSCF E 2

F gt ak, (g ) + @ ). (53)

~qVSCF 77gVSCF
Us U;

whereas the expressions of and
inferred from Egs. (48) and (49), for instance,

ZE

can be readily

quscp _

pOpO + Fh0p04-k 4k ((qqk )+ <qqk ).

(54)

With these force constants, the anharmonic correction to the
structure in the state v due to the cubic force constants of the

type F POg-k gk, is

qpo - _ ~1{VSCF/ ﬁgVSCF. (55)

Since U{¥3F and U4Y5F scale as K'/? and K, respectively,

the anharmonic correction (g,) in the normal coordinate is a
K'? quantity. When expressed in spatially local coordinates
such as the Cartesian coordinates, the correction )?V(O) is
given by

Xy =K "7 “22 70505 (56)

which has the correct KO dependence.

Equation (55) can be evaluated approximately and expe-
diently by using the harmonic- oscillator wave functions as
modals, that is, <qqk Y= (nqk o q} and so forth. How-

ever, the fully self—con51stent qVSCF procedure must simul-
taneously satisfy Eq. (51) to determine the lattice structure
that ensures its size-extensivity and the VSCF equations with
the potential given by Eq. (47). These two problems are
coupled through the VSCF modals.

E. Perturbation theory

With a ¢VSCF wave function as the reference, the first-
and second-order quartic VMP perturbation corrections to
the energy (E}yscp) of the state v due to anharmonicity (de-
noted gVMP1 and gVMP2, respectively) are given by

E}ymp1 = Ejvscr + (DYscelV, vscEl PVscr) (57)

and

E |<(DVSCF| VSCF|(I)WSCF>|2

Ejympr = Eyyapr + . (58)

Ejvsce = Eqvscr
where the summation runs over all states w except for the
state v and its degenerate states (if any). The operator v, JVSCF
is the perturbation (the fluctuation potential) defined by the
Mgller—Plesset partitioning,]g_2

Vyvsce=V = V,vsce- (59)
It should be recalled that under the assumption that makes
VSCEF size-extensive, namely, the first two terms of Eq. (41)
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034109-8 Hirata, Keceli, and Yagi

are zero or neglected, { becomes a harmonic-oscillator wave
function centered at the origin (but not corresponding to
Viarm)- Therefore, the expectation value of an odd power of
the normal coordinates in { vanishes by symmetry. In a QFF,
therefore, we have

(DYl vscH Pyscp) =0 (60)

and

;VMPl = E;VSCF’ (61)

which is size-extensive. That the reference modals are sym-
metric (even or odd) with respect to the origin ensures the
disappearance of non-size-extensive terms involving F),, and
F pOg— quk

The qVMPZ energy (Ejyyp,) is expressed as

[Vir|?

EqVMP2 = EqVMPl + 2 5 v
qVscF ~ Egvscr

[Vipla 2
+ _2 E _u_
qVSCF qVSCF

Vs

3 E >’
p q.r kyk, EqVSCF EqVSCF
1 [Viplatets, |2
+—> > R (62)

| —
4! P.q.r.s kjkyok) EqVSCF qVSCF

where p is a compound index of p and k, and corresponds to
a member of the nonredundant set of normal coordinates of
the first kind, namely, the union of {qpkp} and {cjpkp} in the
half BZ. The k summations in the above expression are re-
dundant as the summations over p, (, etc. imply them, but
they are made explicit for the sake of clarifying the K depen-
dence. The V matrix elements are defined by

VUP <q)qucp| vscrl Py p> (63)
VP livq =(P VSCF| vscrl Py o (64)
V:L‘;Uvﬂ:varz <q);VSCF| avscr Py l:‘;v ", (65)

and so forth, where ®!'» denotes a one-mode excited gVSCF
wave function in whlcﬁ the quantum number of the mode p
is raised from Up 0 wp. The modes p, q, r, and s must be
distinct from one another.

Of all p’s, only those with k,=0 can contribute to the
second sum in the right-hand side of Eq. (62), that is,

5 Ve S |va . |2
—P— — , (66)
p Epvscr—Ejvscr p Wk, Ejyscr— EqVSCF

with

J. Chem. Phys. 133, 034109 (2010)
VI:V’;Z = A F ool gp0l 46
p
+ _EZ 2 qu quk <§06 |qp0|gw(l);0>

x(( qzy|qqkq| 0+ (BT ). (67)
The first term in the right-hand side of Eq. (67) scales as K/
because F, is a K 12 quantity. The other term also has the
K2 dependence because Fq, g, scales as K~"2 and the k
summation gives rise to the factor of K'. The numerator of
Eq. (66) is therefore a K' quantity. The denominator is a
gVSCF transition energy and is size-intensive (K°). Overall,
Eq. (66) scales correctly as K! and is size-extensive.

Remembering that p can stand for either dpk, OF qpk , We
find that the third term in the right-hand side "of Eq. (62)
consists of three sums,

vauq 2
Vil |

—EE

P4k, qVSCF EqVSCF
|VUpk qu |2
Wk Wak
= —E > E -
X k pk Wy ZVSCF EqVSCF
|Vv_pkpv_qkq |2
Wok Wak
+ —E > 2 -
X k k W ok, ;VSCF EqVSCF
|VUpkpv_qkq |2
Wk Wk
[IY Y (69)
Pa k, ka,,’qut, ;VSCF_ ;VVSCF’

where
k Vak Wi k Wk
val;];vjqzq = 2 pk ak, <§U |qpkp|gpfpﬁ><gzzq‘i|qqkq|§qé‘i>

+—EE

212 k,qqu—krrkr<zvk |qpk |£

X<:;qu|qqkq|g >(<ZZ

rk

+ <{’j it (69)
Vlv)vl;;];pvgkz =5 pk ak, <é})k ’|‘1pk |§ pk”><§zzz"|f?qkq|§:,§’:q>

+ EE 2 kquqr—k rk <§vk |qpk |§ Pk

X<§Ukk |qqk | >(<§:

+ <§Z o (70)

The definition of va”" l:f"u can be obtained by interchanging v
Pk, ak,
with o and w with w in Eq (69). Notice that VU”kn "ty con-
Wok,Wak,
tains terms with odd numbers of g and pure imaglnargz fac-

tors. In VMP?2, these terms are squared before the k summa-
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034109-9 Anharmonic lattice vibrations
tion is taken and, therefore, can make nonvanishing
contributions unlike in gVSCF. The two-mode V matrix el-
ements scale as K°, making Eq. (68) a K' quantity and size-
extensive.

Likewise, the fourth term in Eq. (62) is an abbreviated
notation of the sum of four terms,

| pUqu |2

—E >
pqu kq E, qVSCF EqVSCF
q |vakpvqkqukr |2
Yok Wak Wrk,
== 2 2 -
3! v

" pagr kpokg Wl?k,,’quq’wrk, qVSCF EqVSCF
|vak qu rk |
pk qk w rk,
D
pq) kpky ka qu er gVSCF — “¢VSCF

VUpk qu Urk |2

+—22 PO

pqu kg ka qu er qVSCF —

|vakpvqkql7£k’, |2
pk," ak,"'rk,

+—EE PO i UL I

pqu kq ka qu er qVSCF EqVSCF

E qVSCF

where

1

U U
vakl’ akyrk, — 23/2 pkqu rk <§Uk |ka |

w w o w
pkp ql\q rk,

X<§Zz§«qukq|§jgj«><£:;fr (72)
7 1
Vii’;ftf::vétk T30 Fpie gk rk <§Uk |qpk |§ pk”
14 q ""r
Xt )G Ga (73)

and so forth. These and other three-mode V matrix elements
scale as K~"/2. The numerators of Eq. (71) are therefore in-
variably K~! quantities. Since the twofold k summation con-
tributes the factor of K2, we find Eq. (71) size-extensive also.

Generally, an n-mode V matrix element is a k'~ quan-
tity just as is an nth-order force constant in the normal coor-
dinates. With this knowledge, the fifth term in Eq. (62) with
quartic force constants and thus the VMP2 correction as a
whole can be shown to be size-extensive. Clearly, quintic,
sextic, and all higher-order force constants can contribute to
VMP2 in a size-extensive fashion, defining quintic, sextic,
etc. VMP2 methods.

Alternatively, the harmonic-oscillator wave function
®Jrm can be used as the reference. The first- and second-
order perturbation corrections #4640 Efirm Of the state v are
given by

E%PT] = EIYIRM + <(DIYIRM| VHRM|(DERM> (74)

and

J. Chem. Phys. 133, 034109 (2010)

(Pl Visru Pliran) |
vpr2 = Evpry + E i Hfl\;w R (75)
R ~ Efirm

where the summation runs over all states w except for the

state v and its degenerate states. The operator VHRM denotes
the perturbation (the fluctuation potential) defined as

Virm = V= Viarut- (76)

When V is a QFF, we call this method quartic VPT1. Its
v . : 45,46
energy, E;ypr, can be written simply as

qVPTl =Ejrm + 2,2,2,2 E Foi Pk gk ak, (<C],,k>

+<c7,,kp>>(<qqkq>+<c7qkq>>, (77)

where pk, (q[,kp) must differ from g, (qqk ) and the integral
(q K, ) is understood o designate (7] bk qpk "k

be evaluated analytically (see Table 57 in Ref p38 or Appen-
dix III in Ref. 39). Quadratic force constants do not appear in
this expression because of Eq. (76). No expectation values of
odd powers of the normal coordinates enter them either be-
cause of symmetry EVpr, is size-extensive (K') as
F,_ ok, gk, is a K~! quantity, and the twofold k summation
gives rise o 'the factor of K2. This expression is consistent
with the anharmonic correction in the gVSCF energy given
by Eq. (50) and reduces to the latter exactly when the
¢VSCF modals ({’s) coincide with the harmonic-oscillator
wave functions (#’s). As in VSCEF, the sextic force constants
of the type F,_; Pk -k gk rk, k, and higher even-order force
constants can be included in VPTI in a size-extensive fash-
ion.

In a QFF, the second-order anharmonic correction
[Eq. (75)] is expressed as

P%r), which can

Wil

E;VPTZ =E;VPT1 + 2 v p
p LnrM ™ £HRM

|2
+ _E 2 _u_

‘Pa K, HRM EHRM

|vaqur |2
e E >

WWWI_
pqu kg E}, urM — Enrm

+—E >

pqrskpk ke E}, RM_EHRM

pUqUrls |2
wow WI‘WS

(78)

where the summations exclude terms with vanishing denomi-
nators. Each sum in the right-hand side can be expanded
similarly as Egs. (66), (68), and (71). Elements of the W
matrices are defined by Egs. (67), (69), (70), (72), and (73),
etc., in which the gVSCF modals ({’s) are systematically
replaced by the harmonic-oscillator wave functions (7’s). We
call this method quartic VPT2 or gVPT2. Equation (18) can
be used to simplify the denominators, which are size-
intensive (K°). It can be readily shown that each term in the
right-hand side of Eq. (78) is size-extensive (K') by recog-
nizing that an n-mode W matrix element scales as K'™? and
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034109-10  Hirata, Kegeli, and Yagi

an n-fold £ summation gives rise to the factor of K”. In the
second-order correction also, higher-order force constants
can be included without impairing size-extensivity.

F. Configuration-interaction theory

A VCI wave function®” of the state v in a QFF is a linear
combination of the ground and excited gVSCF wave func-
tions,

v Wy F W, - WpWa¥,
gvC1= qVSCF+ECp(DP+ EEC v(leqq
qu

+—E > Cpratrdyoretry (79)

v, U, U
paqr Pq
pqupkq

The expansion can be truncated after the n-fold excited con-
tribution, defining n-mode gVCI or ¢gVCI(n). Substituting
this wave function into the Schrodinger equation,

H q)qVCI qVCI ;VCI’ (80)

and requiring that it be satisfied within the same function
space spanned by the ¢ VSCF wave functions that are used to
expand the ¢ VCI wave function, we arrive at the gVCI equa-
tions to be solved for the unknown coefficients C’s,

c”v+—22 vipacyey

‘pq k, "»
+ ..., (81)

EqVCI = EqVSCF + 2

v Wy _ YW W W WU g W
EqVCICU;J - Vv;) + Eq{}SCFCv;) + 2 V:);)wzcv::
q

+EV”'CKUW'+—EE VyndrCur
Y qr k pqr qr

+ ..., (82)
EgvaCoy v "_ prwq+E28§v&FC i+ 2 V:}vp 9rCyr

UW

WU W, W U
+> VymrCya) r+2v arCY v AR
r

(83)

and so forth, where p, q, and r are distinct from one another
and E}qc denotes the energy of the gVSCF wave function
in which the quantum number of the mode p is raised from
Up to wp. The V matrix elements are defined by Egs.
(63)-(65) as well as by

=(D, p| vscrl Pyyscr) (84)
VL”;’Zg—@WPI vscel Dy q> (85)
prqu =(dy p| VSCF|(Dqu v, (86)

12 where n is the number

and so forth. They also scale as K'
of modes involved.
With this, we find it impossible to assign well-defined K

dependence to C’s. Let us examine the K dependence of Eq.

J. Chem. Phys. 133, 034109 (2010)

(81). The left-hand side and the first term in the right-hand
side are size-extensive (K') quantities. For the subsequent
terms to be size-extensive, n-mode CI coefficients must scale
as K'72, In this way, for instance, V“P”‘l and C'»"4 in the
second term both scale as K°, and the summatlolil over k,
gives rise to the factor of K', making the third term in the
right-hand side overall size-extensive (K'). Let us now con-
sider Eq. (82). The left-hand side is a K*?> quantity because,
according to the preceding analysis, E;VCI and CP scale as
K' and K", respectively. This contradicts the K2 depen-
dence of the right-hand side except for the second term,
which scales as K>2. Therefore, gVCI is not size-extensive.
An analysis of Eq. (83) only reinforces this conclusion. No-
tice that the K dependence of the so-called “disconnected”
terms is different and thus incompatible with that of “con-
nected” terms; the disconnected terms, in this case, are the
products of E, V, and/or C’s with no common summation
index such as the left-hand side of Eq. (82) and the second
term in the right-hand side of the same.

G. Coupled-cluster theory

The VCC method introduced by Christiansen®™ ¢ is

size-extensive (see also Refs. 47-50). An algebraic proof of
this is given here on the basis of an analysis of the K depen-
dence. A VCC wave function in a QFF (¢VCC) with a
gVSCF reference is written as

w, - Wa bW
q)qvcc—q)qucr"ETW"q) vt EE T,e v
P qu Pq Pq
WoTWady W WpWgW
T S S ey
2' qr
TPq.rk
1 WedhWpWqWr
2 2 TRaTy
2pqu o
+— E TWpTWqTWr(I)WquWr
3pqr Up Ur = Uplqlr
3 ST Dy
41 Upls pYq"rYs
pqrskkk
- W Wy WpW WV
+3 > > Uvquv@vpvqu+..., (87)
pqrskk

where T’s are the unknown coefficients (“7T amplitudes”) de-
termined by the equations to be discussed shortly. Again, p,
q, r, and s denote compound indices of distinct modes. The
number of modes in 7 can be limited to n, defining n-mode
gVCC or gVCC(n). This equation is distinguished from the
gVCI counterpart [Eq. (79)] by the presence of the terms
containing two or more 7’s such as the fourth term in the
right-hand side. Therefore, ®}ycc has contributions from the
gV SCF wave functions that are excited in as many modes as
there are in the whole system (in this case, 3NK).

The T amplitudes are determined by requiring that the
gV CC wave function satisfy the Schrodinger equation,
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034109-11 Anharmonic lattice vibrations

H,®}yee = Eyyec®yvecs (88)

within the space spanned by the gVSCF reference and its
excited wave functions up to n modes. In this way, we have
the same number of equations as unknowns, which includes
the energy E;VCC. For instance, the projections of Eq. (88)
onto the gVSCF reference (®}yscr) and one-mode excited
wave functions lead to the so-called energy and 7'; amplitude
equations, respectively, which read

1

v _ v W . 4 v {7
Ejvee=Egyscr+ > va"pTv;’ Y > Vl»)vppv?q vpog
p ‘pa k,
1 U W, W,
+— > Vla T a (89)
2! o WpWq Up Uq

and

v vy — W, W W WU g TW,
qVCCT:) P = va + Eq@SCFTv P+ E Vv pquv 4
P P P q Pa "q

+ 2 VTR + X Vi Ty
- r “p‘r - r “p “r

1 !
WHU U W
o2 2 Vi Ty
S qr kq Pq q

1 . ,
+ D D VIR T T (90)
o

vaqwl‘

Note that the third term in the right-hand side of Eq. (89) has
a summation over k, while the subsequent (fourth) term does
not. This is because 7, ? vanishes unless the momentum con-
servation condition (A,l: =0) is satisfied.

Equation (89) or the energy equation is size-extensive.
Remembering that the n-mode V matrix elements scale as
K'""2 and assuming (as in ¢gVCI) that the n-mode ¢VCC
coefficients (the 7, amplitudes) are also the K'~"? quantities,
we find that each term in Eq. (89) scales consistently as K'.
Therefore, the left-hand side (E;VCC) is size-extensive (K').

The T, amplitude equation [Eq. (90)] is not manifestly
size-extensive. This can be seen by comparing the left-hand
side, which is a K quantity as E,ycc and T, scale as K'
and K2, respectively, with the first term in the right-hand
side (V'®), which exhibits the K> dependence. However,
multiplyfng Eq. (89) with T,» and subtracting it from Eq.
(90), we can bring the latter ina manifestly size-extensive
form as

2% W, W, — W, WU W,
(Ejvscr = Ey¥scr) Tv;) = Vu;’ +2 Vv::w:Tv(;l
q

'y W,
r p'r

+ 2 VT
r L

r

2‘ U W Vl'r

1 )
+ =D, VWl e
% v v
‘qr P q q r

91)
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The right-hand side of this equation consists of connected
terms only, that is, the sums of products of V and T’s that
share at least one common summation index. For instance,
the fifth term in the right-hand side of Eq. (90) is discon-
nected as none of the indices of T;”P is a summation index;
this term cannot be seen in Eq. (91)? The size-extensivity of
the above equation can be verified by inspection of each
term. The factor in the left-hand side, (Ejyscp—Ey¥scp)s is a
transition energy and size-intensive (K°), whereas T%? is as-
sumed to be a K'? quantity. The left-hand side, therefore,
scales as K'/2. The first term in the right-hand side is a K'/?
quantity. The second term also displays the K'/> dependence
because V'2Ya and 774 scale as K° and K2, respectively. In
this way, all terms can be shown to scale consistently as K2,

The T, amplitude equation is obtained by the projection
of Eq. (88) on to two-mode excited ¢gVSCF wave functions
(®y»*9). They can furthermore be recast into the manifestly
sizeljel;(tensive, connected form as

(Eyvscr— Ejbsir) ﬁ:&q

r Uq¥r

=V 4+ E V'eelr " 4 Z V¥elUrgr
UpUq . UpUqur Up . va

+ 2 VI e (92)
r qQ'r "pr
It can be readily shown that each term in this equation con-
sistently scales as K° using the fact that the n-mode V matrix
elements and T, amplitudes both scale as K'~2. This proce-
dure can be repeated for 75 and higher-order 7 amplitude
equations, proving the size-extensivity of gVCC.
Higher-order force constants can be included in VCC
without impairing the size-extensivity or the need for adjust-
ing the VSCF reference wave function accordingly. VCC can
also be defined analogously for the harmonic-oscillator ref-
erence wave function by simply replacing the V matrix ele-
ments by the corresponding W matrix elements and E}ygcp
by their harmonic counterparts. VCC remains size-extensive
after these replacements.

IV. CONCLUSIONS

The issue of size-extensivity of vibrational many-body
methods has been analyzed on the basis of the dependence of
terms in their formalisms on the number (K) of k vectors in
the first BZ, which is a measure of the system size. The aim
has been to make these methods applicable to anharmonic
lattice vibrations in solids. Taking a one-dimensional solid
with a QFF PES as an example, the compact and strictly
size-extensive equations of VSCF have been proposed, intro-
ducing the gVSCF method. It accounts for the effect of an-
harmonicity due to quartic force constants of the type
Foi Pk -k gk, On the transition energies and that due to cubic
force constants of the type F p0g—k gk, O the lattice structures.
Size-extensive VMP1, VMP2, and </CC in a QFF have been
defined with the gVSCF wave function as the reference by
elucidating the K scaling of integrals and excitation ampli-
tudes. Size-extensive VPT1 and VPT2 in a QFF using the
harmonic-oscillator reference wave function have also been
considered. These methods and the conclusions about their
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034109-12  Hirata, Kegeli, and Yagi

size-extensivity can be readily generalized to two- and three-
dimensional solids as well as to a Taylor expansion of PES
truncated at any arbitrary order. This analysis, however, can-
not be applied to a grid representation of PES. An algebraic
proof of the lack of size-extensivity in VCI has also been
given.

This article concentrates on these formal aspects, specifi-
cally the structure of size-extensive vibrational many-body
methods for anharmonic lattice vibrations. A computer
implementation of the proposed methods is underway in our
laboratory and will be reported in separate articles.
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APPENDIX: NONINTERACTING DIATOMIC
MOLECULES

Let us consider a VSCF treatment of a supermolecule
consisting of K=2" noninteracting, identical diatomic mol-
ecules (m is a positive integer). Let g; be the internal coor-
dinate (bond length) of the ith molecule. These coordinates
are therefore spatially localized on the individual molecules.
The QFF PES of the supermolecule can be expressed in
these local coordinates as

Viq,, ---JIK)=2 Vi(qi)’ (A1)

with

Vig) =E+F,q;+ F.q; + F3q; + Fyq;, (A2)

where E is the energy of a molecule at the origin and F, is
the nth-order force constant. This PES is size-extensive (K')
as it sums the potentials of the K molecules. The one-mode
potential of VSCF for the internal coordinate g; is then given
by

Ulq;) =KE+ 2 (F1<§j|61j|§_,'> + F2<§j|q]2|§j>

j#i
+ F3<§j|5113‘|§j> + F4<§j|Q?|§j>) +Fq;+ Fz%'z

+Fiq; + Fugy, (A3)

where ; is a VSCF modal of g;. This one-mode potential is
the sum of size-extensive constants (the first two terms) and
size-intensive functions of g;. It is identical to the QFF of the
isolated molecule (V;) apart from some constant. If the VSCF
equations [Eq. (34)] are solved with these one-mode poten-
tials, one trivially obtains the same modals as those of the
isolated molecules. The total energy, which is an expectation
value of the Hamiltonian in the product of {;’s, is K times the
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energy of the isolated molecule and, therefore, exact. This is
simply the consequence of the fact that virtually any many-
body method can be made size-extensive in a spatially local-
ized basis.? Although a local-basis approach to anharmonic
lattice vibrations is an important subject of research, the is-
sue of size-extensivity is pertinent to the methods that em-
ploy thoroughly delocalized bases such as normal coordi-
nates.

Since the harmonic-oscillator wave functions along the
internal coordinates g;’s are degenerate, one is free to apply a
unitary transformation to them and define a new set of coor-
dinates that are delocalized over the entire supermolecule.
One such set can be defined by

0;=K"'"2 Hyq. (A4)
J

where H is the Kth-order Hadamard matrix in Sylvester’s
construction. It has the property, K"'HH=1, where I is the
identity matrix. Its element is either +1 or —1, and each
column or row of the matrix has the same numbers (K/2) of
positive (+1) and negative (—1) entries except for the first
column and row, which have only positive (+1) entries.

Using these relationships, the potential V is expressed in
the delocalized coordinates Q’s as

V(Qi. ....00) =KE+K'"F,Q, + F,2, 0] + K'?F;0]
i
+3K'2F3 2, 070, +K'F, 2 0}
i#1 i

+6K7'F, 2, 0707,

Jj>i

(A5)

where Q; corresponds to the in-phase stretching vibrations of
all K molecules. Note that the nth-order force constants are
multiplied by the factor of K'~? as expected from the fore-
going analysis [Egs. (25)—(28)]. The one-mode potentials of
VSCF along Q; and Q; (i>1) are written as

U(Q) =U, +K"F\0, + F,0} + K'?F,0}

+3K2F, 2 (40001 + K FL07

Jj#1

+6K7F, X (L] 02E) 07, (A6)

j#1
U{Q) = U; + F,07 + 3K 2 F((104]£)0F + K F,0}
+6K'F, 2 (41 0312) 07 (A7)

J#Fi

where {; is the VSCF modal of Q; and l71 and fJi (i>1) are
the constants

Uy=KE+F, 2 ({10715) + K™ F, 2 (410718
Jj#1 j#1

+6K7'Fy 2 (GIOULXEI01E), (A8)

k>j.j#1
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U=KE+F,2, <§j|Qf|§j> +K'F,2 <§j|Q}t|§j>

J#Fi JFi

+6K'F, > <§k|le|§k><§i|Q]2'|§i>

k>j A ikt
+ K" F (40118 + K2FHG10340)
£3KE S (G10GNGI0E).

JFELj#F]

(A9)

Neither of these potentials agrees with Eq. (A3), and there-
fore, the VSCF equations of the supermolecule in this delo-
calized set of coordinates will have different solutions from
those of the isolated molecule. This has been confirmed nu-
merically for a noninteracting hydrogen fluoride dimer. Fur-
thermore, U, and U; (i>1) differ from each other and the
degeneracy will be lifted, which has also been observed nu-
merically for the dimer.

This entails two related but separate issues. First, the
VSCF wave functions and energies are not invariant to a
unitary transformation of coordinates. The lack of invariance
in VSCF is known.”" It means that VSCF is ill-defined unless
the coordinates used are precisely specified. This may pose a
particularly serious problem when there are degenerate nor-
mal modes because such normal modes are not uniquely de-
termined by Eq. (10).

Second, the one-mode potentials of VSCF do not have
the correct size dependence. The lack of size-extensivity is
caused primarily by the presence of F; and F;. It is reason-
able to require that ', =0, that is, the coordinates be centered
at the equilibrium structure of the supermolecule. If F;, fur-
thermore, happens to vanish or is neglected, U restores size-
extensivity because Egs. (A6) and (A7) both reduce to

U(Q) =KE+ F, 2, ({0710

J#Fi

+6K'Fy 2 (GlOMLNEI071E) + F20]
k>j,j#Fik#i

+6K™'F, 2 (41071607 (A10)
JFi

asymptotically, from which the terms that scale as K° and
K~! and therefore vanish in the bulk limit have been re-
moved. The first three terms, which are constant, are size-
extensive; the sums in the second and third terms scale as K
and K2, respectively. It can be understood similarly that the
last two terms, which are functions of Q;, are size-intensive.
Overall, therefore, Eq. (A10) has the correct size depen-
dence. This one-mode potential has the same structure as the
gVSCF one-mode potential [Eq. (47)] as it should. It does
not yield the same modal or transition energies as Eq. (A2)
and (A3), nor does the total energy equal K times the energy
of the isolated molecule. However, this is due to the lack of
invariance rather than to the lack of size-extensivity.
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It should be evident from this discussion that the super-
molecule criteria of size—extensivity43 are not equivalent to
the more rigorous K-dependence criteria adopted in the rest
of this article. The one-mode potential of Eq. (A10) is size-
extensive according to the K-dependence criteria, but it does
not satisfy the supermolecule criteria because of the lack of
invariance.
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